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In this paper we describe in detail the computation of the scattering amplitudes of massive
spin-2 Kaluza-Klein excitations in a gravitational theory with a single compact extra dimension,
whether flat or warped. These scattering amplitudes are characterized by intricate cancellations
between different contributions: although individual contributions may grow as fast as O(s5), the
full results grow only as O(s). We demonstrate that the cancellations persist for all incoming and
outgoing particle helicities and examine how truncating the computation to only include a finite
number of intermediate states impacts the accuracy of the results. We also carefully assess the
range of validity of the low energy effective Kaluza-Klein theory. In particular, for the warped
case we demonstrate directly how an emergent low energy scale controls the size of the scattering
amplitude, as conjectured by the AdS/CFT correspondence.
I. INTRODUCTION
Theories of gravity with compact extra dimensions
were initially introduced to unify gravity and electro-
magnetism via the Kaluza-Klein (KK) [1, 2] construc-
tion. Constructions involving gravity with “large” [3–5]
and “warped” [6, 7] extra dimensions gained renewed in-
terest in the last two decades as potential solutions to
the Standard Model hierarchy problem, and also within
the broader context of string theory. A key feature of all
extra-dimensional gravitational theories is the emergence
of an infinite tower of massive spin-2 KK resonances in
four dimensions. These extra-dimensional models are be-
ing probed by the LHC [8], where we can search for TeV
scale KK excitations as a signature of physics beyond the
Standard Model. Extra-dimensional theories that addi-
tionally incorporate neutral stable matter motivate cer-
tain dark matter models, where particulate dark matter
interacts with the Standard Model through a massive
spin-2 mediator (see, for example, [9–15]).1
The extra-dimensional gravitational action in these
models gives rise to interactions between the massive
spin-2 KK resonances. Since the underlying gravita-
tional interactions arise through operators of dimension
greater than four, all tree-level scattering amplitudes of
the KK modes grow with center-of-mass energy. The
compactified theory must therefore be understood as a
low-energy effective field theory (EFT), and the energy
scale at which these scattering amplitudes would violate
partial wave unitarity provides an upper bound on the
“cutoff scale”, the energy scale beyond which the EFT
fails.
In this paper we describe in greater detail and further
build upon the work initially reported in [19, 20]. In that
work we reported that the scattering amplitudes of the
1 For reviews of extra-dimensional theories (especially in connec-
tion to the LHC and phenomenological consequences) and the
holographic principle, refer to, for example, [16–18]
helicity-zero modes of the massive spin-2 KK resonances
grow no faster than O(s) due to subtle cancellations be-
tween different contributions to these amplitudes. Here
we provide a complete description of the computation
of the tree-level scattering amplitudes of massive spin-2
states in compactified theories of five-dimensional grav-
ity, consider the scattering of different combinations of
incoming and outgoing particle helicities, address the im-
pact on accuracy when truncating the computation to
only include a finite number of intermediate states, and
carefully assess the range of validity of the low-energy
EFT which arises.
In the remainder of this introductory section, we re-
view the physics of a theory with a single massive spin-2
particle, summarize our previously reported results for
extra-dimensional theories of gravity as well as their con-
nection to the prior literature, and briefly describe the
extended results presented here. We then provide an out-
line of the explicit computations reported in this paper.
A. Scattering of Single Massive Spin-2 Particle2
Before considering the complexities of a compactified
five-dimensional theory and its tower of massive spin-2
KK modes, we set the stage by reviewing the high-energy
scattering behavior in a theory of a single self-interacting
massive spin-2 particle in four dimensions.
Physicists have investigated massive spin-2 particles
on a four-dimensional spacetime since the initial work
of Fierz and Pauli (FP)[22].3 The FP theory is con-
structed by adding a Lorentz-invariant mass term4 to the
2 Our discussion here follows closely the review in Sec. 8 of [21].
3 Note that the mass of the graviton is stringently constrained by
gravitational wave experiments to be m < 1.22 × 10−22eV/c2
[23].
4 The relative coefficients between the two terms in the mass term
are chosen to avoid propagating ghost degrees of freedom. For
more details, consult footnote 7.
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2Einstein-Hilbert action,
SG =
∫
d4x
{
M2Pl
2
√−g R+ m
2
2
[
h2 − (hµν)2
]}
. (1)
where R is the Ricci scalar computed from the metric gµν ,
g ≡ det(g), MPl = 1/
√
8piGN ' 2.435 × 1015 TeV is the
(reduced) Planck mass, and m is the mass of the spin-2
field hµν . We expand the metric around a flat Minkowski
background according to gµν = ηµν+2hµν/MPl, use (here
and throughout this paper) a mostly-minus flat Lorentz
metric ηµν , and h ≡ ηµνhµν . The mass term breaks dif-
feomorphism invariance, causing hµν to propagate addi-
tional longitudinal polarization modes relative to a mass-
less graviton.5
The growth of scattering amplitudes with respect
to energy in this theory can be studied using the
Stu¨kelberg formalism [21, 28–30].6 Schematically, the
Stu¨kelberg formalism introduces spurious fields through
which one formally restores diffeomorphism invariance.
The Stu¨kelberg fields Aµ and φ are introduced via the
replacement
hµν → hµν + 1
m
[
∂(µAν)
]
+
2
m2
[∂µ∂νφ] + . . . , (2)
where Aµ is a vector gauge field with two transverse de-
grees of freedom, φ is a real scalar with one degree of free-
dom, and the ellipses denote additional nonlinear terms
which are listed explicitly in [21].
Crucially, the nonlinear terms [21, 28] in Eq. (2) are
chosen to restore the diffeomorphism invariance of the
FP Lagrangian of Eq. (1) with respect to the full metric
gµν = ηµν + 2hµν/MPl, when one simultaneously does a
gauge transformation on Aµ and a related transforma-
tion on φ. Restoring diffeomorphism invariance in this
way [21, 28], one finds that the field Aµ always appears
with one derivative in the combination (∂A/m), φ with
two derivatives (∂2φ/m2), and that higher order terms
in Eq. (2) are suppressed by factors of MPl. The genuine
diffeomorphism invariance of the Einstein-Hilbert term
in the Lagrangian implies that all interactions for the A
and φ fields come from the mass term in Eq. (1).7 The
5 The helicity-zero mode couples to the trace of the stress en-
ergy tensor, and does not decouple in the m → 0 limit, acting
instead as a Brans-Dicke scalar [24]. This feature—known as
the vDVZ discontinuity [25, 26]—seemingly implies light should
bend around massive bodies differently than is observed exper-
imentally, and thus eliminates massive gravity as a description
of reality; however, further investigations [27] revealed the per-
turbative calculation could not be trusted at those experimental
distance scales. By incorporating nonlinear effects, the predic-
tions of general relativity are restored.
6 Alternatively, one can use the deconstruction formalism [28, 31].
7 The Stu¨kelberg field redefinition also provides an assurance that
the FP mass term in Eq. (1) does not generate terms with more
than two time derivatives on φ, and thus the theory avoids the
Ostrogradsky ghost instabilities which generally plague higher-
derivative theories [32, 33].
FP Lagrangian can be recovered by going to the “uni-
tary” gauge where the spurious Aµ and φ fields are set
to zero.
Following [21, 28], in gauges other than unitary gauge
the hµν , Aµ, and φ can be used to track the helicity-two,
helicity-one, and helicity-zero polarization modes respec-
tively of the massive spin-2 field, and their interactions
provide an understanding of the “power-counting” (de-
pendence on energy) of helicity-dependent scattering am-
plitudes. Expanding the FP mass term (while ensuring
the necessary non-linear terms from Eq. (2) are correctly
included) results in an infinite series of multipoint inter-
actions among hµν and the Stu¨kelberg fields. The pro-
totypical interaction term derived in this way is of the
(schematic) form [28]
m2
2
(
2
MPl
)−2 [
2
MPl
h
]nh [ 2
MPl
∂A
m
]nA [ 2
MPl
∂2φ
m2
]nφ
(3)
where nh, nA, and nφ count how many instances of h, A,
and φ are present in this interaction term respectively.
Neglecting powers of 2, the various factors of gravi-
ton mass m and reduced Planck mass MPl multiplying
the interaction term may be collected together into an
interaction scale Λλ [28], like so:
(Λλ)
4−nh−2nA−3nφ hnh (∂A)nA (∂2φ)nφ (4)
where
Λλ ≡ (mλ−1MPl)1/λ (5)
and λ ≡ (4− nh − 2nA − 3nφ)/(2− nh − nA − nφ). As-
suming m  MPl, a larger λ implies the corresponding
interaction is suppressed by a lower energy scale Λλ.
To study the growth of scattering amplitudes at high
energy [28], we focus on the least-suppressed interaction
vertex in the expansion: the one with the largest value of
λ. For interaction terms, we have (nh+nA+nφ) ≥ 3; the
largest λ arises from nφ = 3 and nh = nA = 0. This cor-
responds to the cubic-scalar interaction term (∂2φ)3/Λ55
where Λ5 = (m
4MPl)
1/5. We can ‘build’ a 2-to-2 scat-
tering amplitude φφ → φφ by ‘gluing’ two instances of
this cubic interaction together, such that the correspond-
ing diagram naively grows like s5/Λ105 at large incom-
ing center-of-mass energy-squared s. In FP gravity, this
expectation has been confirmed by direct computation
[34, 35].
Because the preceding discussion did not depend on
the specific details of FP gravity, this power-counting
argument [21, 28, 31] suggests that the scattering am-
plitude of helicity-zero modes in any massive spin-2 the-
ory should typically grow with energy like O(s5) – i.e.
that a theory with a single massive spin-2 particle will
be a Λ5 theory. By introducing additional polynomial
hµν interaction terms to the FP Lagrangian of Eq. (1),
cancellations between diagrams can occur such that the
overall scattering amplitude for φφ→ φφ can be reduced
3to O(s3), resulting in a Λ3 theory which is valid to higher
energies [25, 28, 31, 35–38]. However it is is not possi-
ble to raise the scale any further in a theory with a sin-
gle massive spin-2 particle, even after adding arbitrarily
many vector or scalar particles [39–41].8
B. Scattering of Massive Spin-2 Particles in
Compactified 5D Theories
In a compactified extra-dimensional theory of gravity,
the UV behavior of the four-dimensional KK mode scat-
tering amplitudes must be governed by the high-energy
behavior of the underlying theory. For a 5D theory in
particular, dimensional analysis implies that the five-
dimensional graviton scattering amplitudes must grow
like s3/2/M3Pl,5D, where MPl,5D is the 5D Planck scale.
9
However, this implies that, after compactification and
decomposing the 5D graviton field into KK modes, the
scattering amplitudes of the massive spin-2 modes must
grow slower than O(s3), which was the slowest growth
achievable in theories of a single massive spin-2 particle.
Moreover, this must be true even though the compacti-
fied theory includes terms like (∂2φ)3/Λ55 for each massive
spin-2 field in its Stu¨kelberg analysis.
The motivation of our present work is to reconcile the
apparent contradiction between the behavior of the un-
derlying extra-dimensional gravitational theory, and the
argument in Sec. I A above which would suggest that
massive spin-2 modes have scattering amplitudes which
grow like O(s5) (or at best O(s3)). Recently, [19] demon-
strated that the (elastic) scattering amplitudes for mas-
sive spin-2 KK modes in a compactified 5D theory in fact
grow only like O(s).10. This paper amplifies and extends
those results.
More specifically, a tree-level (n1, n2) → (n3, n4) KK
spin-2 scattering process may proceed via any of several
8 For further details on massive gravity (including bigravity theo-
ries, which include a massless graviton alongside a massive spin-2
particle) refer to, for example, [21, 42]. All of the theories de-
scribed, however, are Λ3 theories - or worse.
9 The Feynman amplitude for 2→ 2 scattering in 5D has units of
(mass)−1 and, compared to 4D, an additional factor of energy
arises in the 5D partial wave expansion [43, 44].
10 While each individual KK mode scattering amplitudes grow only
like O(s), as in the case of compactified Yang-Mills theory [45]
there are coupled channels of the first N KK modes whose scat-
tering amplitudes grow like Ns/M2Pl. Identifying the mass of the
highest mode to be of order the maximum energy scale of the
EFT, one reproduces the expected s3/2/M3Pl,5D behavior of the
continuum theory.
diagrams, which we may organize into the following sets:
Mc ≡
n1
n2
n3
n4
(6)
Mr ≡
n1
n2
n3
n4
r
+
n1
n2
n3
n4
r +
n1
n2 n4
n3
r
Mj ≡
n1
n2
n3
n4
j
+
n1
n2
n3
n4
j +
n1
n2 n4
n3
j
where subscript “c” denotes the contact diagram, “r” de-
notes the sum of diagrams mediated by the radion (a
scalar mode arising from the 5D metric), and “j” de-
notes the contribution arising from exchange of a spin-2
KK mode j. The external ni label the KK numbers of
different massive KK mode excitations. The total tree-
level matrix element is thus
M≡Mc +Mr +
+∞∑
j=0
Mj , (7)
The arguments given in Sec. I A imply that for helicity-
zero-polarized external states we expect that
Mc and Mj ∼ O(s5) , (8)
Mr ∼ O(s3) . (9)
The calculations reported in [19] demonstrate that, al-
though the individual contributions to the helicity-zero
spin-2 KK mode scattering amplitudes do indeed grow
as fast as O(s5), there are intricate cancellations be-
tween different contributions. These cancellations invali-
date the naive power-counting analysis given in Sec. I A,
which therefore does not apply to a compactified KK the-
ory with multiple massive gravitons. Indeed, Ref. [19]
has demonstrated the cancellations both in the case of
a toroidal (flat) compactification and in the more phe-
nomenologically interesting case of the Randall-Sundrum
(RS1)[6, 7] model with a warped extra dimension. The
cancellations are enforced by a set of sum rules [20]
which interrelate the masses and couplings of the vari-
ous modes.1112
In this paper we provide a detailed account of the cal-
culations reported in [19, 20], specifying all conventions
11 Spin-2 KK mode scattering was previously considered by [46],
which used deconstruction to prove that the KK mode scattering
amplitudes grew no faster than O(s3) for a flat extra dimension.
12 Following the appearance of [19], and as [20] was being com-
pleted, the authors of [47] independently proved that the scat-
tering amplitudes of helicity-zero modes of massive spin-2 KK
modes in extra-dimensional theories grow only like O(s) for com-
pactifications on arbitrary Ricci-flat manifolds. Their proof does
not encompass the case of RS1, which is the focus of our work.
See Appendix E a discussion of the relationship between our re-
sults and those conjectured by [47] in more general situations.
4and information needed for building upon our work in
the future. We also report substantial new results includ-
ing a study of the behavior of the scattering amplitudes
for arbitrary external polarization, the “truncation” error
which results from the (numerically necessary) limitation
of summing over a finite number of KK modes in the in-
termediate states j above, and a study of the emergence
of a dynamical low-energy scale [6, 7] from the behavior
of the scattering amplitudes in RS1.
C. Guide to the Paper
Here is an outline of the material presented in the main
text and appendices of the paper.
In Sec. II we describe the 5D RS1 model, specify our
conventions for the metric, describe the field content, and
outline the procedure used for the (5D) weak field expan-
sion. We provide the details of the weak field expansion
itself, including specifying the form of the interactions
among up to four 5D fields, within Appendix A.
In Sec. III we carry out the KK mode expansion,
thereby obtaining the 4D particle content of the model,
and discuss the form of the interactions among the 4D
fields. A general analysis of the properties of the extra-
dimensional wavefunctions is given in Appendix B, and
the more detailed description of the 4D interactions is
given in Appendix C.
In Sec. IV we begin our analysis of the scattering am-
plitudes of the massive spin-2 KK modes. Sec. IV A gives
details of our kinematic and helicity conventions. As de-
scribed above, the full tree-level scattering amplitudes
will (in general) require summing over the exchange of
all intermediate states, and we will find that the cancel-
lations needed to reduce the growth of scattering ampli-
tudes from O(s5) to O(s) will only completely occur once
all states are included. In this section we therefore in-
troduce two “partial” forms of the scattering amplitudes
which will facilitate our discussion of the cancellations [a]
truncated matrix elements, which include only exchange
of KK modes below some mode number, and [b] the ex-
pansion of the matrix elements in powers of energy. In
Sec. IV B we analyze the case of KK mode scattering in
the case in which the curvature of the internal manifold
vanishes: the 5D Orbifolded Torus model.
Sec. V describes in detail the computation of the elas-
tic scattering amplitudes of massive spin-2 KK modes in
the RS1 model, for arbitrary values of the curvature of
the internal space. For all nonzero curvatures, every KK
mode in the infinite tower contributes to each scatter-
ing process. We discuss, elaborate upon, and apply the
sum rules introduced in [20]. A new analytic proof for
a relation arising from the s3 and s2 sum rules is dis-
cussed in Appendix D, and the relationships of our cou-
plings and sum rules to those conjectured in [47] are given
in Appendix E. Finally, Sec. V G analyzes the (milder)
high-energy behavior of the scattering of nonlongitudinal
helicity modes (helicities other than zero) of the massive
spin-2 KK modes.
Sec. VI presents a detailed numerical analysis of the
scattering in the RS1 model. In Sec. VI A we demon-
strate that the cancellations demonstrated for elastic
scattering occur for inelastic scattering channels as well,
with the cancellations becoming exact as the number of
included intermediate KK modes increases. In Sec. VI B
we examine the truncation error arising from keeping
only a finite number of intermediate KK mode states.
We then return, in Sec. VI C to the question of the va-
lidity of the KK mode EFT. In particular, using the re-
sults derived in Appendix F for large values of the AdS
curvature, we demonstrate directly from the scattering
amplitudes that the cutoff scale is proportional to the
RS1 emergent scale [48, 49]
Λpi = MPl e
−kpirc , (10)
which is related to the location of the IR (TeV) brane
[6, 7].
Finally, Sec. VII contains our conclusions.
II. THE 5D RANDALL-SUNDRUM MODEL
AND ITS WEAK FIELD EXPANSION
In this section, we describe the 5D RS1 model, specify
our conventions for the metric, describe the field content,
and outline the procedure used for the (5D) weak field
expansion. Appendix A provides the details of the weak
field expansion itself, including specifying the form of the
interactions among up to four 5D fields.
A. General Considerations and Notation
Our investigation concerns the RS1 model with-
out matter [6, 7], in which gravity permeates a five-
dimensional (5D) bulk that is bounded by two four-
dimensional (4D) branes at y = 0 and y = pirc. The
length rc is known as the compactification radius of the
extra dimension. This 5D spacetime is parameterized by
coordinates xM ≡ (xµ, y), where the xµ act like our usual
4D spacetime coordinates and y is an extra-dimensional
spatial coordinate. By using an orbifold symmetry that
associates every 5D point (x, y) with a point (x,−y) and
restricting the field content to include only fields even
under orbifold parity, the coordinate y can be extended
to cover the interval [−pirc,+pirc] and thereby parame-
terizes a circle of radius rc. In this orbifolded set-up, the
branes are located at the orbifold fixed points of the ex-
tended spacetime. Oftentimes we will use factors of rc
to replace the dimensionful variables with dimensionless
equivalents, such as replacing y with ϕ ≡ y/rc ∈ [−pi, pi]
when it is convenient to do so.
In general, we will denote a 4D Lorentz index with
a lowercase Greek letter such as µ = 0, 1, 2, 3, whereas
a 5D index will be denoted by an uppercase Latin let-
ter such as M = 0, 1, 2, 3, 5. The 4D flat metric ηµν =
5Diag(+1,−1,−1,−1) is used to raise/lower 4D indices,
e.g. xµ ≡ ηµνxν .
The 5D RS1 metric is of the following form:
GMN =
(
w(x, y)gµν 0
0 −v(x, y)2
)
. (11)
This is expressed in coordinates xM ≡ (xµ, y) such that
the corresponding invariant interval ds2 equals
ds2 = (GMN )dx
MdxN = (wgµν)dx
µdxν − (v2)dy2 ,
(12)
allowing for warping of the transverse four-dimensional
space. Meanwhile, the inverse metric equals
G˜MN =
(
g˜µν/w(x, y) 0
0 −1/v(x, y)2
)
, (13)
where we denote the inverse with a tilde (e.g. G˜ ≡ G−1
and g˜ ≡ g−1). Several quantities related to the space-
time geometry are directly calculable from GMN . For
instance, the Christoffel symbols, Ricci curvature, and
scalar curvature equal
ΓPMN =
1
2
G˜PQ (∂MGNQ + ∂NGMQ − ∂QGMN ) ,
RMN = ∂NΓ
P
MP − ∂PΓPMN + ΓPNQΓQMP − ΓPPQΓQMN ,
R5D = G˜
MNRMN , (14)
respectively. When going from the metric to the scalar
curvature, exactly two derivatives are applied in every
term, a fact that proves important when we organize the
eventual 4D effective theory.
Integrals over the 5D spacetime are weighted by the
invariant volume element
√
detG d4x dy, which factors
into a 4D piece and an extra-dimensional piece:
√
detG d4x dy =
[
w2
√
−det g d4x
]
· (v dy) (15)
The quantity in square brackets is the 4D projection of
the 5D invariant volume element and thereby acts as an
effective 4D volume element on a 4D sheet at constant y.
The pure gravity RS1 Lagrangian consists of two
pieces. The first piece is the Einstein-Hilbert Lagrangian
LEH, which is defined as
LEH ≡ 2
κ2
√
detG R5D =
2
κ2
w2v
√
−det g R5D (16)
where κ has units of (Energy)−3/2. This implies that
the 5D Planck mass MPl,5D and 5D quantity κ are re-
lated according to κ2M3Pl,5D = 4. The second piece is
the cosmological constant Lagrangian LCC, which can
be written as
LCC ≡ 12
κ2
krc
{
2
√
detG(∂ϕ|ϕ|)2 − w2
√
−det g (∂2ϕ|ϕ|)
}
.
(17)
LCC generates two types of terms: terms proportional to
(∂ϕ|ϕ|)2 provide a 5D cosmological constant in the bulk
whereas terms proportional to (∂2ϕ|ϕ|) generate tension
on the branes (a prime indicates differentiation with re-
spect to y, e.g. f ′ = ∂yf). The coefficients of these
terms are chosen so as to guarantee a solution of Ein-
stein’s equations that is 4D Poincare´ invariant; namely,
the vacuum solution they imply equals
η
(RS)
MN ≡
(
e−2k|y|ηµν 0
0 −1
)
(18)
as expressed in coordinates xM = (xµ, y), where k is
the nonnegative warping parameter and has units of
(Energy)+1.
Combining LEH and LCC yields L5D, the Lagrangian
of the matter-free 5D theory:
L5D = LEH + LCC . (19)
The 4D effective theory is then defined from the action:
S =
∫
d4x
[
dy L5D
]
≡
∫
d4x L(eff)4D (20)
i.e. the Lagrangian L(eff)4D is obtained by integrating L5D
across the extra dimension. The form of LCC specifi-
cally prevents a nonzero 4D cosmological constant in the
effective theory described by L(eff)4D .
This gravitational Lagrangian will be expanded in the
weak field approximation as a perturbation series in fields
in order to obtain particle interactions and calculate ma-
trix elements. Upon expanding Eq. (19), each term will
contain either two spatial derivatives ∂µ or two extra-
dimensional derivatives ∂y. However, certain terms in
the expansion of Eq. (19) will contain instances of ∂2y
which obscure the coupling structure of the 4D theory.
We can ensure no two extra-dimensional derivatives ever
act on the same field in the expansion by adding a to-
tal derivative to Eq. (19). Specifically, we can eliminate
all instances of ∂2y in the expanded Lagrangian without
changing the physics by adding the total derivative13
∆L = 2
κ2
∂y
[
w2√
v
√
−det g
(Jg˜g′K + (∂yw)
w
)]
(21)
where a prime indicates differentiation with respect to y
and twice-squared bracket notation indicates a cyclic con-
traction of Lorentz indices, e.g. Jhˆ′hˆ′K ≡ (∂yhµν)(∂yhνµ).
Therefore, in practice we use
L5D = LEH + LCC + ∆L . (22)
Of course, in order to weak field expand this Lagrangian,
we must first establish the relevant fields.
13 The orbifold boundary conditions we employ will require all nor-
mal derivatives of the metric to vanish on the branes, and hence
this term is purely for convenience and does not change the
physics.
6B. The Weak Field Expansion
Now that we have a generic path from the 5D metric G
to the 4D effective Lagrangian L(eff)4D , we may discuss the
field content of the RS1 theory. The gravitational par-
ticle content is obtained by perturbing the vacuum with
field-dependent functions. To ensure correct units and
assist the Lagrangian’s eventual weak field expansion,
we will introduce the fields alongside an explicit factor
of κ. We choose to utilize the Einstein frame parame-
terization [16, 50–52], which eliminates mixing between
the scalar and tensor modes – and ultimately yields a
canonically-normalized 4D effective Lagrangian. In this
parameterization, w and v in Eq. (11) may be written as
w(x, y) = e−2(k|y|+uˆ) v(x, y) = 1 + 2uˆ (23)
where uˆ(x, y), as we will soon see, is related to the 5D
radion field. Furthermore, we identify gµν as weakly per-
turbed from the flat value ηµν , e.g.
ηµν 7→ gµν ≡ ηµν + κhˆµν , (24)
where the symmetric tensor field hˆµν(x, y) contains the
spin-2 modes. The metric is then
G
(RS)
MN =
(
e−2(k|y|+uˆ)(ηµν + κhˆµν) 0
0 −(1 + 2uˆ)2
)
.
(25)
The 5D radion, rˆ(x, y) is related to uˆ(x, y) via
uˆ(x, y) ≡ κ rˆ(x, y)
2
√
6
e+k(2|y|−pirc) . (26)
Unlike hˆµν , the 5D radion field can be made y-
independent via a gauge transformation [53], and so we
choose rˆ(x, y) = rˆ(x).
In some 5D models, the off-diagonal elements G
(RS)
5µ
and G
(RS)
µ5 give rise to an orbifold-odd graviphoton exci-
tation which can also be made y-independent via gauge
symmetries [53]; however, the RS1 scenario possesses an
orbifold symmetry which removes this degree of freedom
and ensures G
(RS)
µ5 = G
(RS)
5µ = 0. Meanwhile, the graviton
and radion fields must be even functions of y to ensure
the interval ds2 described by G
(RS)
MN is invariant under
the orbifold transformation. Both of these 5D fields have
units of (Energy)+3/2.
As outlined in the previous subsection, the metric
G
(RS)
MN determines a Lagrangian L(RS)5D ≡ L(RS)EH + L(RS)CC +
∆L(RS). We calculate L(RS)5D as a perturbation series in
κ and thereby obtain its weak field expansion (WFE).
In particular, because we are ultimately concerned with
2-to-2 tree-level scattering of massive spin-2 states, we re-
quire several of the three- and four-particle interactions
present in the O(κ2) WFE L(RS)5D . The details of this
procedure and its results are summarized in Appendix
A.
III. THE 4D EFFECTIVE THEORY
In this section, we carry out the KK mode expansion,
thereby obtaining the 4D particle content of the model,
and discuss the form of the interactions among the 4D
fields. A general analysis of the properties of the extra-
dimensional wavefunctions is given in Appendix B, and
the more detailed description of the 4D interactions is
given in Appendix C.
A. 4D Particle Content
The 4D particle content is determined by employing
the KK decomposition ansatz [1, 2, 54]:
hˆµν(x, y) =
1√
pirc
+∞∑
n=0
hˆ(n)µν (x)ψn(ϕ) ,
rˆ(x) =
1√
pirc
rˆ(0)(x)ψ0 , (27)
where we recall that ϕ = y/rc. The operators hˆ
(n)
µν and
rˆ(0) are 4D spin-2 and spin-0 fields respectively, while
each ψn is a wavefunction which solves the following
Sturm-Liouville equation
∂ϕ
[
ε−4(∂ϕψn)
]
= −µ2nε−2ψn (28)
subject to the boundary condition (∂ϕψn) = 0 at ϕ = 0
and pi, where ε ≡ ek|y| = ekrc|ϕ| [54]. Up to normal-
ization, there exists a unique solution ψn per eigenvalue
µn, each of which we index with a discrete KK num-
ber n ∈ {0, 1, 2, · · · } such that µ0 = 0 < µ1 < µ2 < · · · .
Given a KK number n, the quantity µn and wavefunction
ψn(ϕ) are entirely determined by the value of the unitless
nonnegative combination krc. Additional details about
this ansatz (including explicit expressions for the wave-
functions and their derivation in a slightly more general
circumstance) comprise Appendix B. For now, we note
that with proper normalization the ψn satisfy two con-
venient orthonormality conditions:
1
pi
∫ +pi
−pi
dϕ ε−2ψmψn = δm,n , (29)
1
pi
∫ +pi
−pi
dϕ ε−4(∂ϕψm)(∂ϕψn) = µ2nδm,n . (30)
Furthermore, the {ψn} form a complete set, such that
the following completeness relation holds:
δ(ϕ2 − ϕ1) =
+∞∑
j=0
1
pi
ε−2ψj(ϕ1) ψj(ϕ2) . (31)
The KK number n = 0 corresponds to µn = 0, for
which Eq. (28) admits a flat wavefunction solution ψ0
7corresponding to the massless 4D graviton. Upon nor-
malization via Eq. (29), this wavefunction is
ψ0 =
√
pikrc
1− e−2pikrc (32)
up to a phase that we set to +1 by convention. This
is the wavefunction that Eq. (27) associates with the
fields hˆ(0) and rˆ(0). The lack of higher modes in the KK
decomposition of rˆ reflects its y-independence. In this
sense, choosing to associate ψ0 with rˆ
(0) in Eq. (27) is
merely done for convenience.
Before employing KK decomposition to compute the
interactions of the 4D states, we apply the ansatz to the
simpler quadratic terms. In particular, the 5D quadratic
graviton Lagrangian equals (from Appendix A)
L(RS)hh = ε−2 LA:hh + ε−4 LB:hh , (33)
where
LA:hh =− hˆµν(∂µ∂ν hˆ) + hˆµν(∂µ∂ρhˆρν)
− 1
2
hˆµν(hˆµν) +
1
2
hˆ(hˆ) , (34)
LB:hh =− 1
2
Jhˆ′hˆ′K + 1
2
Jhˆ′K2 , (35)
where we recall that a prime indicates differentiation with
respect to y and a twice-squared bracket indicates a cyclic
contraction of Lorentz indices.
Similarly, the quadratic 5D radion Lagrangian equals,
L(RS)rr = e−2pikrc ε+2 LA:rr , (36)
where
LA:rr = 1
2
(∂µrˆ)(∂
µrˆ) . (37)
To obtain the 4D effective equivalents of the above 5D
expressions, we must integrate over the extra dimension
and employ the KK decomposition ansatz.
First, the graviton: the first term in (33) becomes
L(eff)A:hh ≡
∫ +pirc
−pirc
dy ε−2 LA:hh (38)
=
∫ +pirc
−pirc
dy ε−2
[
−hˆµν(∂µ∂ν hˆ)
+hˆµν(∂
µ∂ρhˆ
ρν)− 1
2
hˆµν(hˆµν) +
1
2
hˆ(hˆ)
]
=
+∞∑
m,n=0
[
−hˆ(m)µν (∂µ∂ν hˆ(n)) + hˆ(m)µν (∂µ∂ρhˆ(n)ρν)
−1
2
hˆ(m)µν (hˆ(n)µν) +
1
2
hˆ(m)(hˆ(n))
]
× 1
pi
∫ +pi
−pi
dϕ ε−2ψmψn ,
whereas its second term becomes
L(eff)B:hh ≡
∫ +pirc
−pirc
dy ε−4 LB:hh (39)
=
∫ +pirc
−pirc
dy ε−4
[
−1
2
Jhˆ′hˆ′K + 1
2
Jhˆ′K2]
=
+∞∑
m,n=0
[
−1
2
Jhˆ(m)hˆ(n)K + 1
2
Jhˆ(m)KJhˆ(n)K]
× 1
pir2c
∫ +pi
−pi
dϕ ε−4(∂ϕψm)(∂ϕψn) .
These are simplified via the orthonormality relations Eqs.
(29) and (30), such that the 4D effective Lagrangian re-
sulting from L(RS)hh equals
L(RS,eff)hh = L(eff)A:hh + L(eff)B:hh (40)
= L(S=2)Kin (hˆ(0)) +
+∞∑
n=1
LFP(mn, hˆ(n)) ,
wherein mn ≡ µn/rc. Therefore, KK decomposition of
the 5D field hˆµν results in the following 4D particle con-
tent: a single massless spin-2 mode hˆ(0), and countably
many massive spin-2 modes hˆ(n) with n ∈ {1, 2, · · · }
(each having a corresponding Fierz-Pauli mass term).
The zero mode hˆ(0) is consistent with the usual 4D
graviton, and will be identified as such. The 4D gravi-
ton has dimensionful coupling constant κ4D = 2/MPl =
ψ0κ/
√
pirc where MPl is the reduced 4D Planck mass. In
terms of the reduced 4D Planck mass, the full 4D Planck
mass equals
√
8piMPl.
Meanwhile, the 4D effective equivalent of L(RS)rr from
Eq. (36) equals:
L(RS,eff)rr =
∫ +pirc
−pirc
dy L(RS)rr (41)
=
∫ +pirc
−pirc
dy e−2pikrc ε+2
[
1
2
(∂µrˆ)(∂
µrˆ)
]
=
1
2
(∂µrˆ
(0))(∂µrˆ(0)) · ψ0
2
pirc
∫ +pirc
−pirc
dy e+2k(|y|−pirc)
= LS=0Kin (rˆ(0)) .
Therefore, KK decomposing the 5D radion yields only a
single massless spin-0 mode rˆ(0). Like its 5D progenitor,
this 4D state is called the radion. Note the exponential
factor in Eq. (36) is inconsistent with the orthonormality
equation (29), so we had to calculate the integral explic-
itly. Thankfully, the y-independent radion must possess
a flat extra-dimensional wavefunction and so the expo-
nential factor can at most affect its normalization. This
would not be the case if the radion’s y-dependence could
not be gauged away.
The RS1 model has three independent parameters ac-
cording to the above construction: the extra-dimensional
8radius rc, the warping parameter k, and the 5D coupling
strength κ. However, we use a more convenient set of
independent parameters in practice: the unitless extra-
dimensional combination krc, the mass m1 of the first
massive KK mode hˆ(1), and the reduced 4D Planck mass
MPl. These sets are related according to the following
relations:
m1 ≡ 1
rc
µ1(krc) via Eq. (28) , (42)
MPl ≡ 2
κ
√
k
√
1− e−2krcpi . (43)
In our analysis, we will consider MPl and m1 fixed, and
vary krc. When explicit values are used, we will choose
krc ∈ [0, 10], m1 = 1 TeV, and MPl = 2.435× 1015 TeV.
B. Beyond Quadratic Order
Deriving the quadratic terms proceeded so cleanly in
part because all wavefunctions with a nonzero KK num-
ber occur in pairs and are thus subject to orthonormal-
ity relations. Such simplifications are seldom possible
when dealing with a product of three or more 5D gravi-
ton fields, and instead the integrals must be dealt with
explicitly. Consequently, the RS1 model possesses many
nonzero triple couplings and calculating a matrix element
for 2-to-2 scattering of massive KK modes typically re-
quires a sum over infinitely many diagrams, each of which
is mediated by a different massive KK mode and contains
various products of these overlap integrals.
Keeping this in mind, consider all terms in the weak
field expanded Lagrangian L(RS)5D that have exactly H
spin-2 fields and no radion fields. After KK decompo-
sition, terms with two 4D derivatives (designated as A-
Type) are proportional to overlap integrals
a~n ≡ 1
pi
∫ +pi
−pi
dϕ ε−2
H∏
i=1
ψni , (44)
and those containing two extra-dimensional derivatives
(designated as B-Type) are proportional to integrals
b~n ≡ 1
pi
∫ +pi
−pi
dϕ ε−4(∂ϕψn1)(∂ϕψn2)
H∏
i=3
ψni , (45)
where ~n = (n1 · · ·nH) are the KK numbers of the relevant
spin-2 fields.14 These integrals are unitless and entirely
14 Every term in L(RS)5D contains exactly two derivatives. Because
even-spin fields carry an even number of Lorentz indices and the
Lagrangian is a Lorentz scalar, those two derivatives must ei-
ther both be 4D derivatives or both be extra-dimensional deriva-
tives, no matter how many spin-2 or spin-0 fields are present.
Therefore, A-Type and B-Type couplings exhaust the possible
wavefunction integrals encountered in the RS1 model.
determined by the value of krc. Note that a~n is fully
symmetric in all KK numbers, whereas b~n is symmetric
in the first pair and remaining KK numbers separately.
Pictorially, we indicate the vertices associated with these
couplings as small filled circles attached to the appropri-
ate number of particle lines,
n1
n2
n3 ⊃ an1n2n3 bP[n1,n2,n3] (46)
n1
n2
n3
n4
⊃ an1n2n3n4 bP[n1,n2,n3,n4] (47)
where overlapping straight and wavy lines indicate a spin-
2 particle, and P indicates that all permutations of its
arguments should be considered. If we set n3 = 0 in the
triple spin-2 coupling, the corresponding wavefunction ψ0
is flat; either ψ0 is differentiated (in which case the inte-
gral vanishes) or it can be factored out of the y-integral
thereby allowing us to invoke the wavefunction orthogo-
nality relations on the remaining wavefunction pair. In
this way, the triple spin-2 couplings imply that the mass-
less 4D graviton couples diagonally to the other spin-2
states, as required by 4D general covariance:
an1n20 = ψ0 δn1,n2 , (48)
bn1 n2 0 = µ
2
n1ψ0 δn1,n2 ,
b0n1 n2 = 0 .
The Sturm-Liouville problem that defines the wavefunc-
tions {ψn} also relates various A-Type and B-Type cou-
plings to each other; we will explore this further in Sec.
V.
When calculating matrix elements of massive KK
mode scattering, we must also consider radion-mediated
diagrams. These involve coupling a radion to a pair of
spin-2 states, which requires the integral
bn1n2r ≡
ψ0
pi
e−krcpi
∫ +pi
−pi
dϕ ε−2(∂ϕψn1)(∂ϕψn2) . (49)
This is defined analogously to the pure spin-2 couplings in
the sense that we indicate the role of the radion wavefunc-
tion within the coupling (e.g. differentiated vs. undiffer-
entiated) through the placement of a pseudo-KK index
“r”. The RS1 model lacks an analogous A-Type radion
coupling and the brn1n2 coupling vanishes for the same
reason that the b0n1 n2 coupling vanished. Note that the
exponential factor in the integrand of bn1n2r prevents
use of the orthonormality relations; therefore, the radion
typically couples nondiagonally to massive spin-2 modes.
Pictorially,
n1
n2
r ⊃ bn1n2r (50)
where unadorned straight lines indicate a radion.
9Appendix C describes how the detailed vertices be-
tween 4D particles are derived from the 5D theory and
summarizes the relevant interactions. These interactions
form the building blocks of our matrix elements, which
we turn to next.
IV. ELASTIC SCATTERING IN THE 5D
ORBIFOLDED TORUS MODEL
In this section, we begin our analysis of the scatter-
ing amplitudes of the massive spin-2 KK modes. Section
IV A gives details of our kinematic and helicity conven-
tions. As described above, the full tree-level scattering
amplitudes will (in general) require summing over the ex-
change of all intermediate states, and we will find that
the cancellations needed to reduce the growth of scatter-
ing amplitudes from O(s5) to O(s) will only completely
occur once all states are included. In this section we
therefore introduce two “partial” forms of the scattering
amplitudes which will facilitate our discussion of the can-
cellations [a] truncated matrix elements, which include
only exchange of KK modes below some mode number,
and [b] the expansion of the matrix elements in powers
of energy. In Sec. IV B we analyze the case of KK mode
scattering in the case in which the curvature of the inter-
nal manifold vanishes: the 5D Orbifolded Torus model.
A. Preliminaries
The preceding sections (and related appendices) de-
scribed how to determine the vertices relevant to tree-
level 2-to-2 scattering of massive spin-2 helicity eigen-
states in the center-of-momentum frame. This section
calculates and analyzes those matrix elements. For scat-
tering of nonzero KK modes (n1, n2) → (n3, n4) with
helicities (λ1, λ2)→ (λ3, λ4), we choose coordinates such
that the initial particle pair have 4-momenta satisfying
pµ1 = (E1,+|~pi|zˆ) p21 = m2n1 (51)
pµ2 = (E2,−|~pi|zˆ) p22 = m2n2 (52)
and the final particle pair have 4-momenta satisfying
pµ3 = (E3,+~pf ) p
2
3 = m
2
n3 (53)
pµ4 = (E4,−~pf ) p24 = m2n4 (54)
where ~pf ≡ |~pf |(sin θ cosφ, sin θ sinφ, cos θ). That is, the
initial pair approach along the z-axis and the final pair
separate along the line described by the angles (θ, φ).
The helicity-λ spin-2 polarization tensor µνλ (p) for a par-
ticle with 4-momentum p is defined according to
µν±2 = 
µ
±1
ν
±1 , (55)
µν±1 =
1√
2
[
µ±1
ν
0 + 
µ
0 
ν
±1
]
(56)
µν0 =
1√
6
[
µ+1
ν
−1 + 
µ
−1
ν
+1 + 2
µ
0 
ν
0
]
, (57)
where µs are the (particle-direction dependent) spin-1 po-
larization vectors
µ±1 = ±
e±iφ√
2
(
0,−cθcφ ± isφ,−cθsφ ∓ icφ, sθ
)
, (58)
µ0 =
E
m
(√
1− m
2
E2
, pˆ
)
, (59)
(cx, sx) ≡ (cosx, sinx), and pˆ is a unit vector in the direc-
tion of the momentum [55]. We use the Jacob-Wick sec-
ond particle convention, which adds a phase (−1)λ to µνλ
when the polarization tensor describes h(n2) or h(n4) [56].
Due to rotational invariance, we may set the azimuthal
angle φ to 0 without loss of generality. Meanwhile, the
propagators for virtual spin-0 and spin-2 particles of mass
M and 4-momentum P are, respectively,
=
i
P 2 −M2 (60)
µν ρσ =
iBµν,ρσ
P 2 −M2 (61)
where we use the spin-2 propagator convention [55]
Bµν,ρσ ≡ 1
2
[
B
µρ
B
νσ
+B
νρ
B
µσ − 1
3
(2 + δ0,M )B
µν
B
ρσ
]
B
αβ
∣∣∣
M=0
= ηαβ B
αβ
∣∣∣
M 6=0
≡ ηαβ − P
αP β
M2
(62)
and ηµν = Diag(+1,−1,−1,−1) is the flat 4D met-
ric. The massless spin-2 propagator is derived in the
de Donder gauge by adding a gauge-fixing term Lgf =
−(∂µhˆ(0)µν − 12∂νJhˆ(0)K)2 to the Lagrangian. The Man-
delstam variable s ≡ (p1 + p2)2 = (E1 + E2)2 provides
a convenient frame-invariant measure of collision energy.
The minimum value of s that is kinematically allowed
equals smin ≡ max[(mn1 +mn2)2, (mn3 +mn4)2]. When
dealing with explicit full matrix elements, we will replace
s ∈ [smin,+∞) with the unitless s ∈ [0,+∞) which is de-
fined according to s ≡ smin(1 + s).
As discussed in Sec. I B, any tree-level massive spin-2
scattering amplitude can be written as
M≡Mc +Mr +
+∞∑
j=0
Mj , (63)
where we separate the contributions arising from con-
tact interactions, radion exchange, and a sum over the
exchanged intermediate KK states j (and where “0” la-
bels the massless graviton). In practice, this sum cannot
be completed in entirety and must instead be truncated.
Therefore, we also define the truncated matrix element
M[N ] ≡Mc +Mr +
N∑
j=0
Mj , (64)
which includes the contact diagram, the radion-mediated
diagrams, and all KK mode-mediated diagrams with in-
termediate KK number less than or equal to N .
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We are concerned with the high-energy behavior of
these matrix elements, and will therefore examine the
high-energy behavior of each of the contributions dis-
cussed. Because the polarization tensors µν±1 introduce
odd powers of energy,
√
s is a more appropriate expan-
sion parameter for generic helicity combinations. Thus,
we series expand the diagrams and total matrix element
in
√
s and label the coefficients like so:
M(s, θ) ≡
∑
σ∈ 12Z
M(σ)(θ) · sσ (65)
and defineM(σ) ≡M(σ) ·sσ. In what follows, we demon-
strate thatM(σ) vanishes for σ > 1 regardless of helicity
combination and we present the residual linear term in
s for helicity-zero elastic scattering. However, before we
tackle the generic RS1 theory, let us start by analyzing a
simpler case: L(RS)5D in the limit of no warping.
B. The 5D Orbifolded Torus
Before investigating scattering amplitudes in the gen-
eral RS1 model, we consider a special case in which the
internal space is flat. Taking the limit of the RS1 metric
(25) as krc vanishes, while simultaneously maintaining a
nonzero finite first mass m1 (or, equivalently, a nonzero
finite rc), yields the 5D Orbifolded Torus (5DOT) model.
The 5DOT metric lacks explicit dependence on y,
G
(5DOT)
MN =
 e−κrˆ√6 (ηµν + κhˆµν) 0
0 −
(
1 + κrˆ√
6
)2
 , (66)
and as krc → 0 the massive wavefunctions go
from exponentially-distorted Bessel functions to simple
cosines:
ψn =
{
ψ0 =
1√
2
ψn = − cos(n|ϕ|) 0 < n ∈ Z
(67)
with masses given by µn = mnrc = n and 5D grav-
itational coupling κ =
√
2pircκ4D =
√
8pirc/MPl. In
the absence of warp factors, the radion now couples
diagonally and spin-2 interactions display discrete KK
momentum conservation. Explicitly, an H-point vertex
hˆ(n1) · · · hˆ(nH) in the 4D effective 5DOT model has van-
ishing coupling if there exists no choice of ci ∈ {−1,+1}
such that c1n1 + · · · + cHnH = 0. For example, the
three-point couplings an1n2n3 and bn1 n2 n3 are nonzero
only when n1 = |n2 ± n3|. Therefore, unlike when krc is
nonzero, the 5DOT matrix element M(5DOT) for a pro-
cess (n1, n2) → (n3, n4) consists of only finitely many
nonzero diagrams.
For (n, n) → (n, n), the 5DOT matrix element arises
from four types of diagrams:
M(5DOT)(n,n)→(n,n) =Mc +Mr +M0 +M2n . (68)
Using Eqs. (44) and (45) and the toroidal wavefunctions,
we find:
n2annnn = 3bnnnn =
3
4
n2 ,
n2ann0 = bnn0 = bnnr =
1√
2
n2 , (69)
n2ann(2n) = −bnn(2n) = 1
2
b(2n)nn = −1
2
n2 ,
where here again the subscript “0” refers to the massless
4D graviton. We focus first on the scattering of helicity-
zero states, which have the most divergent high-energy
behavior (we return to consider other helicity combina-
tions in Sec. V G). Reference [19] lists M(σ)c , M(σ)r ,
M(σ)0 , andM(σ)2n for σ ≥ 1, and demonstrates how cancel-
lations occur among them such that M(σ) = 0 for σ > 1
and the leading contribution in incoming energy is
M(1) = 3κ
2
256pirc
[7 + cos(2θ)]
2
csc2 θ . (70)
We report here the results of the full calculation, includ-
ing subleading terms.
The complete (tree-level) matrix element for the elastic
helicity-zero 5DOT process equals
M(5DOT) = κ
2n2 [P0 + P2c2θ + P4c4θ + P6c6θ] csc
2 θ
256pir3cs(s + 1)(s
2 + 8s + 8− s2c2θ) ,
(71)
where
P0 = 510 s
5 + 3962 s4 + 8256 s3 + 7344 s2
+ 3216 s + 704 , (72)
P2 = −429 s5 + 393 s4 + 3936 s3 + 5584 s2
+ 3272 s + 768 , (73)
P4 = −78 s5 − 234 s4 + 192 s3 + 1552 s2
+ 1776 s + 576 , (74)
P6 = −3 s5 − 25 s4 − 96 s3 − 144 s2 − 72 s , (75)
and s is defined such that s ≡ smin(1 + s) where in this
case smin = 4m
2
n = 4n
2/r2c .
For a generic helicity-zero 5DOT process (n1, n2) →
(n3, n4), the leading high-energy contribution to the ma-
trix element equals
M(1) = κ
2
256pirc
xn1n2n3n4 [7 + cos(2θ)]
2
csc2 θ , (76)
where x is fully symmetric in its indices, and satisfies
xaaaa = 3, xaabb = 2, otherwise xabcd = 1 ,
when discrete KK momentum is conserved (and, of
course, vanishes when the process does not conserve KK
momentum).
11
The multiplicative csc2 θ factor in Eq. (71) is indica-
tive of t- and u-channel divergences from the exchange
of the massless graviton and radion, which introduces
divergences at θ = 0, pi. Such IR divergences prevent
us from directly using a partial wave analysis to deter-
mine the strong coupling scale of this theory. In order to
characterize the strong-coupling scale of this theory, we
must instead investigate a nonelastic scattering channel
for which KK momentum conservation implies that no
massless states can contribute, M0 = Mr = 0. (In this
case, the csc2 θ factor present in Eq. (76) is an artifact
of the high-energy expansion and is absent from the full
matrix element.)
Consider for example the helicity-zero 5DOT process
(1, 4) → (2, 3). The total matrix element is computed
from four diagrams
1
4
2
3
+
1
4
2
3
5
+
1
4
2
3
1 +
1
4 2
3
2
(77)
which together yield, after explicit computation,
M = κ
2s
12800pir3c (s + 1)
2Q+Q−
4∑
i=0
Qiciθ , (78)
where
Q± = 25(s + 1)±
[
3 +
√
(25 s + 16)(25 s + 24) cos θ
]
,
(79)
Q0 = 15
(
2578125 s4 + 9437500 s3 + 12990000 s2
+7971000 s + 1840564) , (80)
Q1 = 72
√
(25 s + 16)(25 s + 24)(50 s + 43)(50 s + 47) ,
(81)
Q2 = 4
(
2734375 s4 + 11562500 s3 + 18047500 s2
+12340500 s + 3121692) , (82)
Q3 = 24
√
(25 s + 16)(25 s + 24)(50 s + 51)(50s + 59) ,
(83)
Q4 = 390625 s
4 + 2187500 s3 + 4360000 s2
+ 3729000 s + 1165956 , (84)
and smin = 25/r
2
c . As expected, unlike the elastic 5DOT
matrix element (71), the (1, 4) → (2, 3) 5DOT matrix
element is finite at θ = 0, pi.
Given a 2-to-2 scattering process with helicities
(λ1, λ2) → (λ3, λ4), the corresponding partial wave am-
plitudes aJ are defined as [56]
aJ =
1
32pi2
∫
dΩ DJλiλf (θ, φ)M(s, θ, φ) , (85)
where λi = λ1 − λ2 and λf = λ3 − λ4, dΩ = d(cos θ) dφ,
and the Wigner D functions DJλaλb are normalized ac-
cording to∫
dΩ DJλaλb(θ, φ) ·DJ
′∗
λ′aλb
(θ, φ) =
4pi
2J + 1
· δJJ ′ · δλaλ′a .
(86)
Each partial wave amplitude is constrained by unitarity
to satisfy √
1− smin
s
R[aJ ] ≤ 1
2
, (87)
where R[aJ ] denotes the real part of aJ . The leading
partial wave amplitude of the (1, 4)→ (2, 3) helicity-zero
5DOT matrix element corresponds to J = 0, and has
leading term
a0 ' s
8piM2Pl
ln
(
s
smin
)
. (88)
Hence, this matrix element violates unitarity when
Re a0 ' 1/2, or equivalently when the value of E ≡ √s
is near or greater than Λ
(5DOT)
strong ≡
√
4piMPl. Because
MPl labels the reduced Planck mass, Λ
(5DOT)
strong is roughly
the conventional Planck mass. We will use this inelastic
calculation as a benchmark for estimating the strong-
coupling scale associated with other processes.
We now consider the behavior of scattering amplitudes
in the RS1 model.
V. ELASTIC SCATTERING IN THE
RANDALL-SUNDRUM MODEL
This section discusses the computation of the elastic
scattering amplitudes of massive spin-2 KK modes in the
RS1 model, for arbitrary values of the curvature of the in-
ternal space. For any nonzero curvature, every KK mode
in the infinite tower contributes to each scattering process
and the cancellation from O(s5) to O(s) energy growth
only occurs when all of these states are included. We first
review and elaborate on the derivation of the sum rules
introduced in [20]. A new analytic proof for a relation
arising from the s3 and s2 sum rules is discussed in Ap-
pendix D, and the relationships of our couplings and sum
rules to those conjectured in [47] are given in Appendix
E. In the subsequent subsections, we apply the sum rules
to determine the leading high-energy behavior of the am-
plitudes for two-body scattering of helicity-zero modes.
Finally, Sec. V G analyses the (milder) high-energy be-
havior of the scattering of nonlongitudinal helicity modes
of the massive spin-2 KK states.
A. Coupling Identities
Let us now consider the elastic helicity-zero RS1 pro-
cess (n, n) → (n, n). We will approach it by identifying
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sum rules that enforce cancellations among different con-
tributions to the scattering amplitude at a given order in
s. This subsection rederives and elaborates on several
results from Ref. [20]; we apply the coupling relations in
the subsequent subsections.
The wavefunctions ψn solve the Sturm-Liouville prob-
lem defined by Eq. (28) when subject to the boundary
condition (∂ϕψn) = 0 at ϕ = 0, pi and satisfy the or-
thonormality relations Eqs. (29) and (30). In particular,
ψ0 =
√
pikrc/(1− e−2pikrc). By integrating by parts and
utilizing the Sturm-Liouville equation, we derive the fol-
lowing generic relation:
µ2i
∫
dϕ ε−2(ψNi · X) = −
∫
dϕ
[−µ2i ε−2ψi] · ψN−1i X
= −
∫
dϕ ∂ϕ
[
ε−4(∂ϕψi)
] · ψN−1i X
=
∫
dϕ ε−4(∂ϕψi) · ∂ϕ
[
ψN−1i X
]
= (N − 1)
∫
dϕ ε−4(∂ϕψi)2 · ψN−2i X
+
∫
dϕ ε−4(∂ϕψi)(∂ϕX)ψN−1i , (89)
where X is a generic function of ϕ. Through appropriate
choices of the function X, the number N of instances of
ψi, and the KK index i, we obtain the following relations:
(X, N, i) = (ψj , 2, n) =⇒ µ2nannj = bnnj + bjnn , (90)
(X, N, i) = (ψ2n, 1, j) =⇒ µ2jannj = 2bjnn , (91)
(X, N, i) = (1, 4, n) =⇒ µ2nannnn = 3bnnnn , (92)
which allow us to rewrite all B-Type couplings of the
form b~n in terms of A-Type couplings:
bnnj =
(
µ2n − 12µ2j
)
annj , (93)
bjnn =
1
2µ
2
jannj , (94)
bnnnn =
1
3µ
2
nannnn . (95)
Furthermore, the completeness relation Eq. (31) im-
plies the generic relation
∑
j
[
1
pi
∫
dϕ1 ψj · X
]
·
[
1
pi
∫
dϕ2 ψj · Y
]
=
1
pi
∫
dϕ ε+2 X · Y , (96)
where X and Y are generic functions of ϕ, from which
one may derive, for instance,∑
j
a2nnj = annnn , (97)
∑
j
bnnjannj = bnnnn =
1
3
µ2nannnn , (98)
and ∑
j
µ2ja
2
nnj =
∑
j
[2bjnn] annj
= 2
∑
j
[
µ2nannj − bnnj
]
annj
=
4
3
µ2nannnn . (99)
We can continue adding instances of µ2j to the sum and
repeat this procedure with
∑
j µ
4
ja
2
nnj and
∑
j µ
6
ja
2
nnj .
The details of these manipulations are summarized in
Appendix D; the principal result is
+∞∑
j=0
[
µ2j − 5µ2n
]
µ4ja
2
nnj = −
16
3
µ6nannnn . (100)
Note that the equations in this section relate couplings
and spectra, which are determined entirely by the Sturm-
Liouville problem and therefore depend only on the value
of krc (i.e. not on m1 or MPl). Because of their origin,
these equations relating 4D masses and couplings must
ultimately be expressions of the original 5D diffeomor-
phism invariance.
B. Cancellations at O(s5) in RS1
We will now go through the contributions to the elastic
helicity-zero (n, n)→ (n, n) scattering process in the RS1
model order by order in powers of s, and apply the sum
rules derived in the previous section.
As described in Sec. I B, the contact diagram and spin-
2-mediated diagrams individually diverge like O(s5). Af-
ter converting all b~n couplings into a~n couplings, their
contributions to the elastic helicity-zero RS1 matrix ele-
ment equal
M(5)c = −
κ2 annnn
2304 pircm8n
[7 + cos(2θ)] sin2 θ , (101)
M(5)j =
κ2 a2nnj
2304 pircm8n
[7 + cos(2θ)] sin2 θ , (102)
such that they sum to
M(5) = κ
2 [7 + cos(2θ)] sin2 θ
2304 pircm8n

+∞∑
j=0
a2nnj − annnn
 .
(103)
This vanishes via Eq. (97), which we will, henceforth,
refer to as the O(s5) sum rule.
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C. Cancellations at O(s4) in RS1
The O(s4) contributions to the elastic helicity-zero
RS1 matrix element equal
M(4)c =
κ2 annnn
6912 pircm6n
[63− 196 cos(2θ) + 5 cos(4θ)] ,
(104)
M(4)j = −
κ2 a2nnj
9216 pircm6n
{
[7 + cos(2θ)]
2 m
2
j
m2n
+ 2 [9− 140 cos(2θ) + 3 cos(4θ)]
}
. (105)
Using the O(s5) sum rule, M(4) equals
M(4) = κ
2 [7 + cos(2θ)]
2
9216 pircm6n
43annnn −∑
j
m2j
m2n
a2nnj
 .
(106)
This vanishes via Eq. (99), which we shall refer to as the
O(s4) sum rule.
D. Cancellations at O(s3) in RS1
Once the O(s5) and O(s4) contributions are cancelled,
the radion-mediated diagrams, which diverge like O(s3),
become relevant to the leading behavior of the elastic
helicity-zero RS1 matrix element. Furthermore, because
of differences between the massless and massive spin-2
propagators, M0 and Mj>0 differ from one another at
this order (and lower). The full set of relevant contribu-
tions is therefore
M(3)c =
κ2 annnn
3456 pircm4n
[−185 + 692 cos(2θ) + 5 cos(4θ)] ,
(107)
M(3)r = −
κ2
32 pircm4n
[
b2nnr
(mnrc)4
]
sin2 θ , (108)
M(3)0 =
κ2 a2nn0
1152 pircm4n
[15− 270 cos(2θ)− cos(4θ)] ,
(109)
M(3)j>0 =
κ2 a2nnj
2304 pircm4n
{
5 [1− cos(2θ)] m
4
j
m4n
+ [69 + 60 cos(2θ)− cos(4θ)] m
2
j
m2n
+ 2 [13− 268 cos(2θ)− cos(4θ)]
}
, (110)
After applying the O(s5) and O(s4) sum rules, M(3)
equals
M(3) = 5 κ
2 sin2 θ
1152 pircm4n
{∑
j
m4j
m4n
a2nnj −
16
15
annnn
− 4
5
[
9 b2nnr
(mnrc)4
− a2nn0
]}
. (111)
These contributions cancel if the following O(s3) sum
rule holds true:
+∞∑
j=0
µ4ja
2
nnj =
16
15
µ4nannnn +
4
5
[
9b2nnr − µ4na2nn0
]
(112)
We do not yet have an analytic proof of this sum rule;
however we have verified that the right-hand side nu-
merically approaches the left-hand side as the maxi-
mum intermediate KK number Nmax is increased to
100 for a wide range of values of krc, including krc ∈
{10−3, 10−2, 10−1, 1, 2, . . . , 10}.15
E. Cancellations at O(s2) in RS1
The contributions to the elastic helicity-zero matrix
element at O(s2) equal
M(2)c = −
κ2 annnn
54 pircm2n
[5 + 47 cos(2θ)] , (113)
M(2)r =
κ2
48 pircm2n
[
b2nnr
(mnrc)4
]
[7 + cos(2θ)] , (114)
M(2)0 =
κ2 a2nn0
576 pircm2n
[175 + 624 cos(2θ) + cos(4θ)] ,
(115)
M(2)j>0 =
κ2 a2nnj
6912 pircm2n
{
4 [7 + cos(2θ)]
[
5− 2m
2
j
m2n
]
m4j
m4n
− [1291 + 1132 cos(2θ) + 9 cos(4θ)] m
2
j
m2n
+ 4 [553 + 1876 cos(2θ) + 3 cos(4θ)]
}
. (116)
By applying the O(s5) and O(s4) sum rules (but not the
O(s3) sum rule), the total O(s2) contribution equals
M(2) = κ
2 [7 + cos(2θ)]
864 pircm2n
{∑
j
[
m2j
m2n
− 5
2
]
m4j
m4n
a2nnj
+
8
3
annnn − 2
[
9 b2nnr
(mnrc)4
− a2nn0
]}
, (117)
15 The cancellations implied by this sum rule can be seen in the
vanishing of R[N ](3) Fig. 2 as N increases.
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which vanishes if the following O(s2) sum rule holds:
+∞∑
j=0
[
µ2j −
5
2
µ2n
]
µ4ja
2
nnj = −
8
3
µ6nannnn
+ 2µ2n
[
9b2nnr − µ4na2nn0
]
.
(118)
Again, we do not yet have a proof for this sum rule,
despite strong numerical evidence that it is correct (see
Sec. VI). However, combining the O(s3) and O(s2) sum
rules (Eqs. (112) and (118)), yields an equivalent set
+∞∑
j=0
[
µ2j − 5µ2n
]
µ4ja
2
nnj = −
16
3
µ6nannnn , (119)
5
4
+∞∑
j=0
µ4ja
2
nnj −
4
3
µ4nannnn = 9b
2
nnr − µ4na2nn0 . (120)
Eq. (119) is precisely Eq. (100), for which we give an
analytic proof in Appendix D. Therefore, if the O(s3)
sum rule holds true, then the O(s2) must also hold true,
and vice versa.
Finally, we note that the sum rules we have derived in
RS1 in Eqs. (97), (99), (112), and (118), are consistent
with those inferred by the authors of [47] who assumed
that cancellations in the spin-0 scattering amplitude of
massive spin-2 modes in KK theories must occur to result
in amplitudes which grow like O(s). A description of
the correspondence of our results with theirs is given in
Appendix E.
F. The Residual O(s) Amplitude in RS1
After applying all the sum rules above16 (including Eq.
(120), which lacks an analytic proof), the leading contri-
bution to the elastic helicity-zero matrix element is found
to be O(s). The relevant contributions, sorted by dia-
16 The elastic 5D Orbifolded Torus couplings (69) directly satisfy
all of these sum rules.
gram type, equal
M(1)c =
κ2 annnn
1728 pirc
[1505 + 3108 cos(2θ)− 5 cos(4θ)] ,
(121)
M(1)r = −
κ2
24 pirc
[
b2nnr
(mnrc)4
]
[9 + 7 cos(2θ)] , (122)
M(1)0 =
κ2 a2nn0 csc
2 θ
2304 pirc
[748 + 427 cos(2θ)
+1132 cos(4θ)− 3 cos(6θ)] , (123)
M(1)j>0 =
κ2 a2nnj csc
2 θ
6912 pirc
{
3 [7 + cos(2θ)]
2 m
8
j
m8n
− 4 [241 + 148 cos(2θ)− 5 cos(4θ)] m
6
j
m6n
+ 4 [787 + 604 cos(2θ)− 47 cos(4θ)] m
4
j
m4n
− [3854 + 5267 cos(2θ) + 98 cos(4θ)− 3 cos(6θ)] m
2
j
m2n
+ [2156 + 1313 cos(2θ) + 3452 cos(4θ)− 9 cos(6θ)]
}
.
(124)
Combining them, according to Eq. (63), yields
M(1) = κ
2 [7 + cos(2θ)]
2
csc2 θ
2304 pirc
{∑
j
m8j
m8n
a2nnj
+
28
15
annnn − 48
5
[
9 b2nnr
(mnrc)4
− a2nn0
]}
. (125)
This is generically nonzero, and thus represents the true
leading high-energy behavior of the elastic helicity-zero
RS1 matrix element.
G. Nonlongitudinal Scattering
The sum rules of the previous subsections were derived
by considering what cancellations were necessary to en-
sure the elastic helicity-zero RS1 matrix element grew no
faster than O(s), a constraint which in turn comes from
considering the extra-dimensional physics. This bound
on high-energy growth must hold for scattering of all he-
licities.
Indeed, upon studying the nonlongitudinal scattering
amplitudes, we find that the sum rules derived in the
helicity-zero case are sufficient to ensure all elastic RS1
matrix elements grow at most like O(s).
Figure 1 lists the leading high-energy behavior of the
elastic RS1 matrix element for each helicity combination
after the sum rules have been applied. These results are
expressed in terms of the leading exponent of incoming
energy E ≡ √s. For example, the elastic helicity-zero
matrix element diverges like O(s) = O(E2) and so its
15
FIG. 1: This table gives the leading order (in energy) growth of elastic (n, n)→ (n, n) scattering for different
incoming (λ1,2) and outgoing (λ3,4) helicity combinations in RS1. In the cases listed in grey, the leading order
behavior is softer in the orbifolded torus limit (by two powers of center-of-mass energy).
growth is recorded as “2” in the table. As expected, no
elastic RS1 matrix element grows faster than O(E2).
Some matrix elements grow more slowly with energy
in the 5DOT model than they do in the more general
RS1 model; they are indicated by the gray boxes in Fig.
1. For these instances, the leading M(σ) contribution in
RS1 is always proportional to the same combination of
couplings
[
3a2nn0 + 16annnn
]
µ4n − 27 b2nnr , (126)
which vanishes exactly when krc vanishes. Regardless
of the specific helicity combination considered, no full
matrix element vanishes.
VI. NUMERICAL STUDY OF SCATTERING
AMPLITUDES IN THE RANDALL-SUNDRUM
MODEL
This section presents a detailed numerical analysis of
the scattering in the RS1 model. In Sec. VI A we demon-
strate that the cancellations demonstrated for elastic
scattering occur for inelastic scattering channels as well,
with the cancellations becoming exact as the number
of included intermediate KK modes increases. In Sec.
VI B we examine the truncation error arising from keep-
ing only a finite number of intermediate KK mode states.
We then return, in Sec. VI C to the question of the valid-
ity of the KK mode EFT. In particular, we demonstrate
directly from the scattering amplitudes that the cutoff
scale is proportional to the RS1 emergent scale [48, 49]
Λpi = MPl e
−kpirc , (127)
16
which is related to the location of the IR (TeV) brane
[6, 7].
A. Numerical Analysis of Cancellations in Inelastic
Scattering Amplitudes
We have demonstrated that the elastic scattering am-
plitudes in the Randall-Sundrum model grow only as
O(s) at high energies, and have analytically derived the
sum rules which enforce these cancellations. Physically,
we expect similar cancellations and sum rules apply for
arbitrary inelastic scattering amplitudes as well. How-
ever, we have found no analytic derivation of this prop-
erty.17
Instead, we demonstrate here numerical checks with
which we observe behavior consistent with the expected
cancellations. To do so, we must first rewrite our ex-
pressions so we may vary krc while keeping MPl and m1
fixed. We do so by noting that we may rewrite the com-
mon matrix element prefactor as
κ2
pirc
=
κ24D
ψ0
2 =
1
pikrc
[
1− e−2krcpi] 4
M2Pl
, (128)
and that rc = µ1/m1, such that M(σ) can be factorized
for any process (and any helicity combination) into three
unitless pieces, each of which depends on a different in-
dependent parameter:
M(σ) ≡
[
K(σ)(krc, θ)
]
·
[
s
M2Pl
]
·
[√
s
m1
]2(σ−1)
. (129)
This defines the dimensionless quantity K(σ) characteriz-
ing the residual growth of order (
√
s)2σ in any scattering
amplitude . We can apply this decomposition to the trun-
cated matrix element contributionM[N ](σ), as defined in
Eq. (64) as well. By comparing M[N ](σ) to M[0](σ) and
increasing N when σ > 1, we can measure how cancel-
lations are improved by including more KK states in the
calculation and do so in a way that depends only on krc
and θ. Therefore, we define
R[N ](σ)(krc, θ) ≡ M
[N ](σ)
M[0](σ) =
K[N ](σ)
K[0](σ) , (130)
which vanishes as N → +∞ if and only if M[N ](σ)
vanishes as N → +∞. Because R[N ](σ) depends con-
tinuously on θ, we expect that so long as we choose
a θ-value such that K[N ](σ) 6= 0, its exact value is
unimportant to confirming cancellations. Figure 2 plots
106(5−σ)R[Nmax](σ) for the helicity-zero processes (1, 1)→
(1, 1) and (1, 4) → (2, 3) as functions of Nmax → 100
17 This is to be contrasted with the situation for KK compactifica-
tions on Ricci-flat manifolds, where an analytic demonstration
of the needed cancellations has been found [47].
for krc ∈ {10−1, 1, 10} and θ = 4pi/5. The factor of
106(5−σ) only serves to vertically separate the curves for
the reader’s visual convenience; without this factor, the
curves would all begin at R[0](σ) = 1 and thus would
substantially overlap.
We find that, both for the case of elastic scatter-
ing (1, 1) → (1, 1) where we have an analytic demon-
stration of the cancellations and for the inelastic case
(1, 4)→ (2, 3) where we do not,M[N ](σ) → 0 as N →∞.
Furthermore, we find that the rate of convergence is sim-
ilar in the two cases. In addition, and perhaps more
surprisingly, the rate of convergence is relatively inde-
pendent of the value of krc for values between 1/10 and
10.
B. Truncation Error
In the RS1 model, the exact tree-level matrix element
for any scattering amplitude requires summing over the
entire tower of KK states. In practice, of course, any spe-
cific calculation will only include a finite number of inter-
mediate states N . In this subsection we investigate the
size of the “truncation error” of such a calculation. For
simplicity, in this section we will focus on the helicity-zero
elastic scattering amplitude (1, 1) → (1, 1) and investi-
gate the size of the truncation error for different values
of krc and center-of-mass scattering energy.
For σ > 1, consider the ratio
F [N ](σ)(krc, s) ≡ max
θ∈[0,pi]
∣∣∣∣M[N ](σ)(krc, s, θ)M(krc, s, θ)
∣∣∣∣ , (131)
which measures the size of each truncated matrix ele-
ment contribution relative to the full amplitude.18 For
sufficiently large N and σ > 1 we have confirmed nu-
merically that the ratio |M[N ](σ)/M[N | reaches a global
maximum at θ = pi/2 for σ > 1. Therefore
F [N ](σ)(krc, s) =
∣∣∣∣M[N ](σ)(krc, s, θ)M(krc, s, θ)
∣∣∣∣
θ=pi/2
. (132)
Unlike M(σ) for σ > 1, M(1) diverges at θ ∈ {0, pi}
because of a csc2 θ factor, as indicated in Eq. (125),
which arises from the t- and u-channel exchange of light
states.19 The total elastic RS1 amplitude M, on the
other hand, only has such IR divergences due to the ex-
change of the massless graviton and radion. For this
reason, and as confirmed by the numerical evaluation of
M[N ](1)/M[N ], the divergences at θ ∈ {0, pi} of M[N ](1)
18 In practice, we approximate the “full” amplitude by
M[N=100](krc, s, θ), which we have checked provides ample suf-
ficient numerical accuracy for the quantities reported here.
19 Formally, the sum over intermediate KK modes in Eq. (125)
extends over all masses, but the couplings a11n vanish as n grows
and suppress the contributions from heavy states.
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FIG. 2: These plots show the size of the residual truncation error for the helicity-zero scattering of KK modes
(1, 1)→ (1, 1) (left) and (1, 4)→ (2, 3) (right) as a function of the number of KK intermediate states included (N)
relative to not including any massive KK states, R[N ](σ)(krc, θ) from Eq. (130). The curves are shown for
krc = 0.1, 1, 10 for θ = 4pi/5. In all cases, the truncation error falls rapidly with addition of more intermediate
states. To visually separate the different curves, the value of the ratio at N = 0 has been artificially normalized to
(1, 106, 1012, 1018) for σ = 5, 4, 3, 2 respectively.
are actually slightly more severe than the correspond-
ing divergences ofM[N ], and so the ratioM[N ](1)/M[N ]
grows large in the vicinity of θ ∈ {0, pi}. However, this
unphysical divergence is confined to nearly forward or
backward scattering; otherwise the ratio is approximately
flat. Thus for σ = 1 we study the analogous quantity
F [N ](1)(krc, s) =
∣∣∣∣M[N ](σ)(krc, s, θ)M(krc, s, θ)
∣∣∣∣
θ=pi/2
. (133)
We also define the overall accuracy of the partial sum
over intermediate states using a version of this quantity
for which no expansion in powers of energy has been
made:
F [N ](krc, s) ≡
∣∣∣∣∣M[N ](krc, s, pi2 )M(krc, s, pi2 )
∣∣∣∣∣ . (134)
Because F [N ](σ) (F [N ]) measures the discrepancy be-
tween any given contribution M[N ](σ) (M[N ]) and the
full matrix element M, we study these quantities to un-
derstand the truncation error. In the upper two panes
of Fig. 3 we plot the plot these quantities as a function
of maximal KK number N for krc = 1/10 and krc = 10
at the representative energy s = (10m1)
2, for m1 = 1
TeV. The lower two panes of Fig. 3 plot similar infor-
mation but at the energy s = (100m1)
2. The krc = 10
panes contain the more phenomenologically relevant in-
formation. In all cases, we find that including sufficiently
many modes in the KK tower yields an accurate result
for angles away from the forward or backward scattering
regime. When including only a small number of modes
N , the contribution fromM[N ](5) (the residual contribu-
tion arising from the noncancellation of the O(s5) con-
tributions) dominates and the truncation yields an inac-
curate result. As one increases the number of included
modes, this unphysical O(s5) contribution to the ampli-
tude falls in size until the full amplitude is dominated by
M[N ](1), which is itself a good approximation to the com-
plete tree-level amplitude. For krc = 1/10, the number of
states N required to reach this “crossover”, however, in-
creases from 3 to 15 as
√
s increases from 10m1 to 100m1.
Consistent with our analysis in the previous subsection,
however, the truncation error is less dependent on krc;
the number of states required to reach crossover increases
by less than a factor of 2 when moving from krc = 1/10
to krc = 10 at fixed
√
s.
Finally, we note that the vanishing of F [N ](3) as N
increases is a numerical test of the O(s3) sum rule in Eq.
(112).
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FIG. 3: These plots show an upper bound on the size of the residual truncation error relative to the size of the full
matrix element for the process (1, 1)→ (1, 1) as a function of the number of included KK modes N , for E = 10m1
(upper pair) and E = 100m1 (lower pair), and krc = 0.1 (left pair) and krc = 10 (right pair). F [N ](σ)(krc, s) from
Eq. (132) is shown in color, for σ = 1 - 5, and F [N ](krc, s) from Eq. (134) is shown in black. We see that the size of
the truncation error falls rapidly as the number of included intermediate states N increases. We also see that, for
E  m1, with a sufficient number of intermediate statesM[N ](1) is a good approximation of the full matrix element.
Note that if an insufficient number of intermediate KK modes is included, and the truncation error is large, M[N ](5)
dominates.
C. The Strong-Coupling Scale at Large krc
In Sec. IV B we analyzed the tree-level scattering
amplitude (1, 4) → (2, 3) and discovered that the 5D
gravity compactified on a (flat) orbifolded torus becomes
strongly coupled at roughly the Planck scale, Λ
(5DOT)
strong ≡√
4piMPl. In the large-krc limit of the RS1 model, how-
ever, we expect that all low-energy mass scales are deter-
mined by the emergent scale [48, 49]
Λpi = MPl e
−pikrc , (135)
which is related to the location ϕ = pi of the IR brane
[6, 7]. In this section we describe how this emergent
scale arises from an analysis of the elastic KK scattering
amplitude in the large-krc limit.
Consider the helicity-zero polarized (n, n) → (n, n)
scattering amplitude. As plotted explicitly for n = 1
in the previous subsection, at energies s  m2n the
19
scattering amplitude is dominated by the leading term
M(1)(krc, s, θ) given in Eq. (125). The analogous ex-
pression in the 5D Orbifold Torus is given by Eq. (70).
We note that the angular dependence of these two expres-
sions is precisely the same, and therefore we can compare
their amplitudes by taking their ratio. This gives the
purely krc-dependent result
20
M(1)(krc)
M(1)(0) =
[
1− e−2pikrc
2pikrc
]
· Knnnn(krc) , (136)
where
Knnnn = 1
405
{
15
∑
j
m8j
m8n
a2nnj + 28annnn
− 144
[
9 b2nnr
(mnrc)4
− a2nn0
]}
. (137)
From this ratio, we can estimate the strong-coupling scale
at nonzero krc:
Λ
(RS1)
strong(krc) ≡ Λ(RS1)strong(0)
√
M(1)(0)
M(1)(krc) ,
=
Λ
(5DOT)
strong√
Knnnn
√
2pikrc
1− e−2pikrc . (138)
where we can use our earlier Λ
(5DOT)
strong =
√
4piMPl result.
Now let us consider the krc dependence of this expres-
sion in the large krc limit. To begin with, at large krc,
Eq. (138) becomes
Λ
(RS1)
strong(krc) ≈
√
4piMPl
√
2pikrc
Knnnn
. (139)
Furthermore, in Appendix F we show that at large krc,
Eq. (137) becomes
Knnnn
2pikrc
≈ e
2pikrc
810pi x8n
{
15
+∞∑
j=1
x8j C
2
nnj + 28x
8
n Cnnnn−
1296x4n C
2
nnr
}
, (140)
In this expression, the xj,n are the jth and nth zeros of
the Bessel function J1, respectively; the constants Cnnj ,
Cnnnn, and Cnnr (defined explicitly in Appendix F) are
integrals depending only on the Bessel functions them-
selves. Therefore, focusing on the overall krc dependence,
we find that
Λ
(RS1)
strong ∝
√
4piMPle
−pikrc =
√
4piΛpi (141)
20 Formally, as in the case of toroidal compactification, this ampli-
tude has an IR divergence due to the exchange of the massless
graviton and radion modes. By taking the ratio of the amplitudes
in RS1 to that in the 5D Orbifolded Torus, the IR divergences
cancel and we can relate the strong-coupling scale in RS to that
in the case of toroidal compactification.
at large krc, as anticipated. The precise value of the
proportionality constant depends weakly on the process
considered, and in the large-krc limit for the processes
(n, n)→ (n, n) we find
n 1 2 3 4 5
Λ
(RS1)
strong/
√
4piΛpi 2.701 2.793 2.812 2.819 2.822
. (142)
Since these results for the elastic scattering amplitudes
follow from the form of the wavefunctions in Eq. (F1),
similar results will follow for the inelastic amplitudes as
well - and they will also be controlled by Λpi.
We have also examined the dependence for lower values
of krc via the formula (138). We display the dependence
of Λ
(RS1)
strong as a function of krc for the processes (1, 1) →
(1, 1) and (1, 4) → (2, 3) in Fig. 4. In all cases, we find
that the strong-coupling scale is roughly Λpi.
Therefore, in the RS1 model, as conjectured under the
AdS/CFT correspondence, all low-energy mass scales are
controlled by the single emergent scale Λpi.
VII. CONCLUSION
We have studied the scattering amplitudes of massive
spin-2 Kaluza-Klein excitations in a gravitational theory
with a single compact extra dimension, whether flat or
warped. Our results have leveraged and expanded upon
the work initially reported in [19, 20]. This paper in-
cludes a complete description of the computation of the
tree-level two-body scattering amplitudes of the massive
spin-2 states in compactified theories of five-dimensional
gravity (Secs. II – V), for all helicities of the incoming
and outgoing states.
These scattering amplitudes are characterized by in-
tricate cancellations between different contributions: al-
though individual contributions may grow as fast as
O(s5), the full results grow only as O(s) or slower. We
have derived sum rules enforcing the cancellations and
related them to results obtained by other groups. We
have demonstrated that the cancellations persist for all
incoming and outgoing particle helicities and have docu-
mented how truncating the computation to only include
a finite number of intermediate states impacts the accu-
racy of the results.
We have also carefully assessed the range of validity of
the low-energy Kaluza-Klein effective field theory (Sec.
VI). In particular, for the warped case we have demon-
strated directly how an emergent low-energy scale con-
trols the size of the scattering amplitude, as conjectured
by the AdS/CFT correspondence.
A number of interesting theoretical and phenomeno-
logical questions can now be addressed, including under-
standing the properties of scattering amplitudes in the
presence of brane and/or bulk matter, the effects of ra-
dion stabilization, and the application of these results to
the phenomenology of these models at colliders and in
the early universe.
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FIG. 4: The strong-coupling scale Λ
(RS1)
strong(krc), Eq. (139), as a function of krc for the processes (1, 1)→ (1, 1) and
(1, 4)→ (2, 3). We see that this scale is comparable to √4piΛpi.
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Appendix A: Weak Field Expanded RS1 Lagrangian
This appendix provides details of the weak field ex-
pansion in both the RS1 and 5DOT models, including
specifying the form of the interactions among up to four
5D fields.
Specifically, we summarize the interaction terms aris-
ing in the matter-free RS1 model Lagrangian L(RS)5D from
(22) according to the expansions given in Eqs. (23) – (25)
through quartic interactions, as organized by 5D particle
content:
L(RS)5D = L(RS)hh + L(RS)rr + L(RS)hhh + · · ·+ L(RS)rrr (A1)
+ L(RS)hhhh + · · ·+ L(RS)rrrr + · · · .
We write hˆ ≡ hˆµµ for the trace of a single undifferentiated
graviton field. Primes indicate derivatives with respect
to y. The trace of a product of graviton fields is indi-
cated via twice-squared bracket notation, e.g. Jhˆhˆ′hˆ′K =
hˆµν(∂yhˆ
νρ)(∂yhˆ
µ
ρ ). Similarly, Jhˆ′K ≡ (∂yhˆ) = (∂yhˆµµ).
The equivalent weak field expansion of the 5DOT
model Lagrangian L(5DOT)5D is derived from these results
by taking the limit krc → 0 while maintaining finite
nonzero rc.
The 4D metric g exactly satisfies
gαβ = ηαβ + κhˆαβ . (A2)
From this, the 4D inverse metric g˜ may be solved
for order-by-order by imposing its defining condition,
gαβ g˜
βγ = ηγα, which implies
g˜αβ = ηαβ +
+∞∑
n=1
(−κ)nJhˆnKαβ . (A3)
Meanwhile, the 4D determinant equals√
−det g˜ =
+∞∏
n=1
exp
[
(−1)n−1
2n
κn JhˆnK] . (A4)
The first few terms of the determinant equal,√
−det g˜ = 1 + κ
2
hˆ+
κ2
8
(
hˆ2 − 2JhˆhˆK) (A5)
+
κ3
48
(
hˆ3 − 6hˆJhˆhˆK + 8JhˆhˆhˆK)+O(κ4) .
Finally, separating the (B-Type) interactions that in-
volve y derivatives from the (A-Type) interactions that
do not, we define LA and LB according to the following
decomposition:
L(RS)
hHrR
= κH+R−2
[
e−pikrcε+2
]R
·
[
ε−2LA:hHrR + ε−4LB:hHrR
]
, (A6)
where ε ≡ e−krc|ϕ|.
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1. Quadratic-Level Results
LA:hh = −hˆµν(∂µ∂ν hˆ) + hˆµν(∂µ∂ρhˆρν)
− 1
2
hˆµν(hˆµν) +
1
2
hˆ(hˆ) , (A7)
LB:hh = −1
2
Jhˆ′hˆ′K + 1
2
Jhˆ′K2 , (A8)
LA:rr = 1
2
(∂µrˆ)(∂
µrˆ) . (A9)
2. Cubic-Level Results
LA:hhh = 1
2
hˆµν hˆρσ(∂
µ∂ν hˆρσ)− 1
2
hˆhˆµν(∂
µ∂ν hˆ)
− 2hˆµν(∂µhˆ)(∂ρhˆρν)− hˆµν hˆνρ(∂µ∂σhˆσρ)
+ hˆµν(∂
µhˆρσ)(∂
σhˆνρ)− 1
4
hˆhˆµν(hˆµν)
+
3
4
hˆµν(∂ρhˆ
µν)(∂ρhˆ) +
1
2
hˆµν hˆ
νρ(hˆµρ )
− 1
2
hˆµν(∂
ρhˆρσ)(∂
σhˆµν) +
1
2
hˆ(∂µhˆνρ)(∂
ν hˆµρ)
− hˆ(∂µhˆµν)(∂ρhˆρν) + 1
8
hˆ2(hˆ) , (A10)
LB:hhh = −Jhˆ′KJhˆhˆ′K + Jhˆhˆ′hˆ′K− 1
4
hˆJhˆ′hˆ′K + 1
4
hˆJhˆ′K2 ,
(A11)
LA:hhr = 0 , (A12)
LB:hhr =
√
3
8
[
rˆ
(Jhˆ′hˆ′K− Jhˆ′K2)] , (A13)
LA:hrr = − 1
24
[
2rˆ2(∂µ∂ν hˆµν)− 12rˆ(∂µ∂ν rˆ)hˆµν
+rˆ2(hˆ) + 6rˆ(rˆ)hˆ
]
, (A14)
LB:hrr = 0 , (A15)
LA:rrr = 1
2
√
6
rˆ2(rˆ) , (A16)
LB:rrr = 0 . (A17)
3. Quartic-Level Results
LA:hhhh = 1
4
hˆhˆµν hˆρσ(∂
µ∂ν hˆρσ)− hˆµν hˆρσhˆστ (∂µ∂ν hˆρτ )
− 3
4
hˆµν hˆρσ(∂
µhˆρσ)(∂ν hˆ) + hˆµν hˆρσhˆ
στ (∂µ∂ρhˆντ )
− 1
4
JhˆhˆKhˆµν(∂µ∂ρhˆρν)− hˆµν hˆρσ(∂µhˆρτ )(∂ν hˆστ )
+ hˆµν hˆρσ(∂
µhˆντ )(∂ρhˆστ ) +
1
8
hˆ2hˆµν(∂
µ∂ρhˆ
ρν)
− 1
8
hˆ2hˆµν(∂µ∂ν hˆ)− 1
2
hˆµν hˆρσ(∂
µhˆντ )(∂τ hˆ
ρσ)
+ hˆµν hˆρσ(∂τ hˆ
τρ)(∂µhˆνσ) +
1
4
hˆhˆµν(∂
µhˆνρ)(∂ρhˆ)
− hˆµν hˆρσhˆµρ(∂ν∂σhˆ) + hˆµν hˆρσhˆµρ(∂ν∂τ hˆτσ)
− hˆµν hˆρσ(∂µhˆρτ )(∂τ hˆνσ) + 1
2
hˆhˆµν hˆ
νρ(∂µ∂ρhˆ)
− 1
2
hˆhˆµν hˆ
νρ(∂µ∂σhˆσρ) +
1
2
hˆhˆµν(∂
µhˆρσ)(∂
ρhˆνσ)
− hˆµν hˆρσ(∂µhˆρτ )(∂σhˆντ )− hˆµν hˆνρhˆστ (∂µ∂ρhˆστ )
− 1
2
hˆµν hˆ
νρ(∂µhˆστ )(∂ρhˆ
στ ) + hˆhˆµν hˆ
νρ(hˆµρ )
+
1
8
JhˆhˆKhˆµν(hˆµν)− 1
4
hˆµν hˆρσ(∂
τ hˆµν)(∂τ hˆ
ρσ)
− 1
16
hˆ2hˆµν(hˆµν) +
1
8
hˆhˆµν(∂
σhˆµν)(∂σhˆ)
− 1
2
hˆµν hˆρσhˆ
µρ(hˆνσ)− 1
2
hˆµν hˆ
νρ(∂µhˆρσ)(∂
σhˆ)
+
3
2
hˆhˆµν(∂ρhˆ
µσ)(∂ρhˆνσ) +
1
48
hˆ3(hˆ)
+
1
4
hˆhˆµν(∂
ρhˆρσ)(∂
σhˆµν) +
1
4
hˆJhˆhˆK(∂µ∂ν hˆµν)
− 1
8
hˆJhˆhˆK(hˆ) . (A18)
LB:hhhh = 1
2
Jhˆhˆ′K2 − 1
2
hˆJhˆ′KJhˆhˆ′K− 1
2
Jhˆhˆ′hˆhˆ′K
+
1
2
hˆJhˆhˆ′hˆ′K + Jhˆ′KJhˆhˆhˆ′K− Jhˆhˆhˆ′hˆ′K
+
1
8
JhˆhˆKJhˆ′hˆ′K− 1
8
JhˆhˆKJhˆ′K2 − 1
16
hˆ2Jhˆ′hˆ′K
+
1
16
hˆ2Jhˆ′K2 , (A19)
LA:hhhr = 0 , (A20)
LB:hhhr =
√
3
32
[
rˆhˆ
(Jhˆ′hˆ′K− Jhˆ′K2)
+4rˆ
(Jhˆ′KJhˆhˆ′K− Jhˆhˆ′hˆ′K)] , (A21)
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LA:hhrr = 1
48
[
2rˆ2hˆµν(∂
µ∂ν hˆ) + 2rˆ2hˆµν(hˆµν)
+ 8rˆ2(∂µhˆµρ)(∂ν hˆ
νρ) + 32rˆ(∂µrˆ)hˆµν(∂ρhˆ
νρ)
+ 24(∂µrˆ)(∂ν rˆ)hˆµρhˆ
ρν + 6rˆ(rˆ)JhˆhˆK
+ 2rˆ2hˆ(∂µ∂ν hˆµν) + 8rˆ(∂
µrˆ)hˆ(∂ν hˆµν)
− rˆ2hˆhˆ+ 12rˆ(∂µ∂ν rˆ)hˆhˆµν − 3rˆ(rˆ)hˆ2
+rˆ2(∂µhˆ)(∂µhˆ)− 4rˆ2(∂ν hˆµρ)(∂µhˆνρ)
]
, (A22)
LB:hhrr = − 5
12
[
rˆ2
(Jhˆ′hˆ′K− Jhˆ′K2)] , (A23)
LA:hrrr = 1
36
√
6
[
rˆ3
(
2(∂µ∂ν hˆµν) +hˆ
)
−9rˆ2
(
2(∂µ∂ν rˆ)hˆµν − (rˆ)hˆ
)]
, (A24)
LB:hrrr = 0 , (A25)
LA:rrrr = − 1
24
rˆ3(rˆ) , (A26)
LB:rrrr = 0 . (A27)
Appendix B: Massive Bulk Fields and Wavefunctions
This appendix provides a general analysis of the prop-
erties of the extra-dimensional wavefunctions.
Consider a massive 5D field Φ~α(x, y) defined over the
5D bulk by a Lagrangian
L5D = Qµ~αν~βA e−2k|y|(∂µΦ~α)(∂νΦ~β) (B1)
+Q~α
~β
B
{
e−4k|y|(∂yΦ~α)(∂yΦ~β) +m
2
Φe
−4k|y|Φ~αΦ~β
}
,
where the index ~α is a list of Lorentz indices, k is for now
a real-valued parameter, and mΦ is the 5D mass of the
field. The tensors Qµ~αν
~β
A and Q
~α~β
B will have forms (de-
fined below) chosen to yield 4D canonical kinetic terms
for the KK modes of different spins. This is a general-
ization of the quadratic terms in the 5D graviton La-
grangian from the RS1 scenario, and will allow us to
consider spin-2 and spin-0 fields simultaneously. By inte-
grating by parts and discarding the surface terms (which
vanish when the orbifold symmetry is imposed),
L5D = Qµ~αν~βA e−2k|y|(∂µΦ~α)(∂νΦ~β) (B2)
+Q~α
~β
B
{
−Φ~α · ∂y
[
e−4k|y|(∂yΦ~β)
]
+m2Φe
−4k|y|Φ~αΦ~β
}
.
Performing a mode expansion (KK decomposition) ac-
cording to the ansatz
Φ~α(x, y) =
1√
pirc
+∞∑
n=0
Φ
(n)
~α (x)ψn(y) , (B3)
we obtain
L5D = 1
pirc
+∞∑
m,n=0
Qµ~αν
~β
A (∂µΦ
(m)
~α )(∂νΦ
(n)
~β
) e−2k|y|ψ(m)ψ(n)
+Q~α
~β
B Φ
(m)
~α Φ
(n)
~β
ψ(m)
{
− ∂y
[
e−4k|y|(∂yψn)
]
+m2Φe
−4k|y|ψn
}
. (B4)
Integrating over the extra dimension then yields the fol-
lowing effective 4D Lagrangian:
L(eff)4D =
+∞∑
m,n=0
Qµ~αν
~β
A (∂µΦ
(m)
~α )(∂νΦ
(n)
~β
) ·N (m,n)A
+Q~α
~β
B Φ
(m)
~α Φ
(n)
~β
·N (m,n)B , (B5)
where
N
(m,n)
A =
1
pirc
∫ +pirc
−pirc
dy e−2k|y|ψmψn , (B6)
N
(m,n)
B =
1
pirc
∫ +pirc
−pirc
dy ψm
{
−∂y
[
e−4k|y|(∂yψn)
]
+m2Φe
−4k|y|ψn
}
. (B7)
We desire that this process yield a particle spectrum de-
scribed by canonical 4D Lagrangians for particles of dif-
fering spins and masses. Specifically, a given mode field
φ(x) in the KK spectrum must have canonical kinetic
and mass terms in the Lagrangian
qµ~αν
~β
A (∂µφ~α)(∂νφ~β) +m
2q~α
~β
B φ~αφ~β , (B8)
where m is the mass of the KK mode. For a full KK
tower, the corresponding canonical quadratic Lagrangian
equals (indexing KK number by n),
L(eff)4D =
+∞∑
n=0
qµ~αν
~β
A (∂µφ
(n)
~α )(∂νφ
(n)
~β
) +m2nq
~α~β
B φ
(n)
~α φ
(n)
~β
.
(B9)
Comparing to Eq. (B5), one recovers this form for the
choices Q = q (i.e. if the 5D quadratic tensor structures
mimic the 4D canonical quadratic tensor structures), Φ =
φ, N
(m,n)
A = δm,n, and N
(m,n)
B = m
2
nδm,n. Consider the
condition on N
(m,n)
B in more detail:
1
pirc
∫ +pirc
−pirc
dy ψ(m)
{
− ∂y
[
e−4k|y|(∂yψn)
]
+m2Φe
−4k|y|ψn
}
= m2nδm,n . (B10)
Using the condition on N
(m,n)
A , this implies∫ +pirc
−pirc
dy ψm
{
∂y
[
e−4k|y|(∂yψn)
]
(B11)
+
(
m2ne
−2k|y| −m2Φe−4k|y|
)
ψn
}
= 0 .
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Anticipating that the {ψm} can be made to form a com-
plete set, Eq. (B11) would imply that the ψn are solu-
tions of the following differential equation
∂y
[
e−4k|y|(∂yψn)
]
+
(
m2ne
−2k|y| −m2Φe−4k|y|
)
ψn = 0 ,
(B12)
or, when expressed in unitless combinations,
0 = ∂ϕ
[
e−4krc|ϕ|(∂ϕψn)
]
(B13)
+
(
(mnrc)
2e−2krc|ϕ| − (mΦrc)2e−4krc|ϕ|
)
ψn .
In addition, orbifold symmetry requires that the wave-
functions vanish at the orbifold fixed points - providing
boundary conditions. Finding the solution set {ψn} (and
corresponding values of {mnrc}) of the above equation
is precisely a Sturm-Liouville (SL) problem, for which
there is guaranteed a discrete (complete) basis of real
wavefunctions satisfying
1
pi
∫ +pi
−pi
dϕ e−2krc|ϕ|ψmψn = N
(m,n)
A ≡ δm,n , (B14)
as required. Hence, by finding wavefunctions ψn that
solve Eqs. (B13) and (B14), we can KK decompose the
fields in Eq. (B1) according to the ansatz and (so long as
Q = q) obtain a tower of canonical quadratic Lagrangians
(B8).
Examining Eq. (B13), we see that if mΦ = 0 there is a
massless flat solution, i.e. with ∂yψ0 = 0. Hence a mass-
less 5D graviton will give rise to 4D massless graviton
and radion modes in this framework.21 Normalization
fixes ψ0 to equal
ψ0 =
√
krcpi
1− e−2krcpi . (B15)
By construction, the SL equation combined with (B14)
implies an additional quadratic integral condition:
1
pi
∫ +pi
−pi
dϕ e−4krc|ϕ|
[
(∂ϕψm)(∂ϕψn)
+ (mΦrc)
2ψmψn
]
= (mnrc)
2δm,n . (B16)
When mΦ = 0, this becomes an orthonormality condition
on the set {∂ϕψn}.
21 Conversely, to prevent the 4D radion from contributing to long-
range gravitational forces we must include interactions which
make the physical 4D spin-0 field become massive, as occurs
during radion stabilization [54].
The existence of a discrete solution set of wavefunc-
tions is guaranteed by the SL problem. We now summa-
rize how to find explicit equations for the nonflat wave-
functions in that solution set by following the notation
and arguments from [54]. Note that
∂ϕ|ϕ| = sign(ϕ) , (B17)
∂2ϕ|ϕ| = 2
[
δ(ϕ)− δ(ϕ− pi)] , (B18)
such that (∂ϕ|ϕ|)2 = 1 and ∂2ϕ|ϕ| = 0 when ϕ 6= 0, pi.
Thus, away from the orbifold fixed points, Eq. (B13) may
be rewritten by defining quantities zn = (mn/k)e
+k|y|
and fn = (m
2
n/k
2)ψn/z
2
n, such that
0 = z2n
d2fn
dz2n
+ zn
dfn
dzn
+
[
z2n −
(
4 +
m2Φ
k2
)]
fn . (B19)
When mΦ = 0, this differential equation is solved by
fn equal to Bessel functions J2(zn) or Y2(zn). When
mΦ 6= 0, it is instead solved by Bessel functions Jν(zn)
and Yν(zn) where ν
2 ≡ 4 +m2Φ/k2. Taking a superposi-
tion of the appropriate Bessel functions yields a generic
solution fn, which may then be converted back to ψn. By
demanding that the SL boundary condition ∂ϕψn = 0 is
satisfied simultaneously at both orbifold fixed points, the
wavefunctions are found to equal
ψn =
ε2
Nn
[
Jν
(
µnε
krc
)
+ bnν Yν
(
µnε
krc
)]
, (B20)
where ε ≡ e+krc|ϕ| and µn ≡ mnrc, the normalization Nn
is determined by Eq. (B14) (up to a sign that we fix by
setting Nn > 0 and which yields ψn(0) < 0 for nonzero
n), and the relative weight bnν equals
bnν = −
2Jν
∣∣∣
µn/krc
+
µn
krc
(∂Jν)
∣∣∣
µn/krc
2Yν
∣∣∣
µn/krc
+
µn
krc
(∂Yν)
∣∣∣
µn/krc
, (B21)
where ∂Jν ≡ ∂Jν(z)/∂z and ∂Yν ≡ ∂Yν(z)/∂z. These
wavefunctions satisfy Eq. (B16) where each µn solves
0 =
[
2Jν +
µnε
krc
(∂Jν)
] ∣∣∣∣
ϕ=pi
[
2Yν +
µnε
krc
(∂Yν)
] ∣∣∣∣
ϕ=0
−
[
2Yν +
µnε
krc
(∂Yν)
] ∣∣∣∣
ϕ=pi
[
2Jν +
µnε
krc
(∂Jν)
] ∣∣∣∣
ϕ=0
.
(B22)
Although these wavefunctions were derived by solving
Eq. (B13) away from the orbifold fixed points, they solve
the equation across the full extra dimension. In particu-
lar, they ensure ∂2ϕψn = [(mΦrc)
2− ε2µ2n]ψn at ϕ = 0, pi.
Finally, note that given a 5D Lagrangian consistent
with Eq. (B1), the wavefunctions ψn and spectrum {µn}
are entirely determined by the unitless quantities krc and
mΦrc. In the RS1 model, the 5D graviton field lacks a
bulk mass (mΦ = 0 such that ν = 2), so its KK decom-
position is dictated by krc alone.
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Appendix C: 4D Effective RS1 Model
This appendix gives a more detailed description of the
4D interactions.
1. General Procedure
The WFE RS1 Lagrangian equals a sum of terms,
wherein each term contains some number of 5D fields
and exactly two derivatives. Each derivative in the pair
is either a 4D spatial derivative ∂µ or an extra-dimension
derivative ∂y, and each field is either a radion rˆ or a
graviton hˆµν . Because the Lagrangian requires an even
number of Lorentz indices in order to form a Lorentz
scalar, each derivative pair must consist of two copies of
the same kind of derivative, i.e. each term in L(RS)5D can
be classified into one of two categories:
• A-Type: The term has two spatial derivatives ∂µ ·
∂ν ; or
• B-Type: The term has two extra-dimensional
derivatives ∂y · ∂y .
In addition to fields and derivatives, every term in L(RS)5D
has an exponential prefactor. That exponential’s spe-
cific form is entirely determined by its type (whether
A- or B-Type) and the number of 5D radion fields in
the term. Each A-Type term is associated with a fac-
tor ε−2 = e−2krc|ϕ| whereas each B-Type term is asso-
ciated with a factor ε−4 = e−4krc|ϕ|, and every instance
of a radion field provides an additional e−pikrcε+2 factor.
These assignments correctly reproduce the prefactors of
Appendix A.
Consider a generic A-Type term with H spin-2 fields
and R radion fields. Schematically, it will be of the form,
XA ≡ κ(H+R−2)
[
ε−2
] [
e−pikrcε+2
]R
(∂2µ, hˆ
H , rˆR)
= κ(H+R−2)e−Rpikrcε2(R−1)XA , (C1)
where the combination XA ≡ (∂2µ, hˆH , rˆR) refers to a
fully contracted product of two 4D derivatives, H gravi-
tons, and R radions. The µ label on ∂2µ above is only
schematic and not literal. Similarly, an equivalent B-
Type term would be of the form,
XB ≡ κ(H+R−2)
[
ε−4
] [
e−pikrcε+2
]R
(∂2y , hˆ
H , rˆR)
= κ(H+R−2)e−Rpikrcε2(R−2)XB , (C2)
where the combination XB ≡ (∂2y , hˆH , rˆR) refers to a
fully contracted product of two extra-dimensional deriva-
tives, H gravitons, and R radions. By construction, each
B-Type term we consider never has both of its ∂y deriva-
tives acting on the same field (i.e. any instances of ∂2y hˆ in
our 5D Lagrangian have been removed via integration by
parts), and so we assume XB also satisfies this property.
We form a 4D effective Lagrangian by first KK de-
composing our 5D fields into states of definite mass (Eq.
(27)) and then integrating over the extra dimension (Eq.
(20)). For the schematic A-Type term, this procedure
yields,
X
(eff)
A =
rc
(pirc)(H+R)/2
κ(H+R−2) (C3)
+∞∑
n1,··· ,nH=0
(
∂2µ, hˆ
(n1) · · · hˆ(nH),
[
rˆ(0)
]R)
× e−Rpikrc
∫ +pi
−pi
dϕ ε2(R−1)ψn1 · · ·ψnH [ψ0]R .
Define a unitless combination a that contains the extra-
dimensional overlap integral:
a(R|~n) ≡ a(R|n1···nH) (C4)
≡ 1
pi
e−Rpikrc
∫ +pi
−pi
dϕ ε2(R−1)ψn1 · · ·ψnH [ψ0]R ,
so that now we may write
X
(eff)
A =
[
κ√
pirc
]H+R−2
× (C5)
+∞∑
n1,··· ,nH=0
a(R|n1···nH)
(
∂2µ, hˆ
(n1) · · · hˆ(nH),
[
rˆ(0)
]R)
.
To simplify this expression further, we define a KK
decomposition operator X(~n)[•]. The KK decomposition
operator maps a product of 5D graviton and radion fields
to an analogous product of 4D spin-2 fields labeled by
KK numbers ~n = (n1, · · · , nH) and 4D radion fields rˆ(0).
More specifically, X maps all rˆ in its argument to rˆ(0)
and applies the specified KK labels to the graviton fields
(hˆµν 7→ hˆ(ni)µν ) per term according to the following pre-
scription: the labels are applied left to right in the order
that they occur in ~n, and are applied to graviton fields of
the form (∂yhˆ) before being applied to all other graviton
fields. (This prescription ensures we correctly keep track
of KK number relative to the soon-to-be-defined quantity
b.) After KK number assignment, any 4D derivatives ∂µ
in the argument of X are kept as is, while each extra-
dimensional derivative ∂y is replaced by 1/rc.
Using X , we rewrite the A-Type expression:
X
(eff)
A =
[
κ√
pirc
]H+R−2
× (C6)
+∞∑
n1,··· ,nH=0
a(R|n1···nH) · X(n1···nH)
[
XA
]
.
This completes the schematic A-Type procedure. B-
Type terms admit a similar reorganization. First, we
25
KK decompose and integrate XB to obtain
X
(eff)
B =
rc
(pirc)(H+R)/2
κ(H+R−2)× (C7)
+∞∑
n1,··· ,nH=0
(
1, hˆ(n1) · · · hˆ(nH),
[
rˆ(0)
]R)
×
e−Rpikrc
∫
dϕ ε2(R−2)(∂ϕψn1)(∂ϕψn2)ψn3 · · ·ψnH [ψ0]R .
We summarize the extra-dimensional overlap integral as
a unitless quantity b:
b(R|~n) ≡ b(R|n1n2|n3···nH) (C8)
≡ 1
pi
e−Rpikrc
∫ +pi
−pi
dϕ ε2(R−2)×
(∂ϕψn1)(∂ϕψn2)ψn3 · · ·ψnH [ψ0]R ,
such that
X
(eff)
B =
[
κ√
pirc
]H+R−2 +∞∑
n1,··· ,nH=0
b(R|n1n2|n3···nH)
× 1
r2c
(
1, hˆ(n1) · · · hˆ(nH),
[
rˆ(0)
]R)
, (C9)
and, via the KK decomposition operator X ,
X
(eff)
B =
[
κ√
pirc
]H+R−2
× (C10)
+∞∑
n1,··· ,nH=0
b(R|n1n2|n3···nH) · X(n1···nH)
[
XB
]
,
where we recall that X maps ∂y to 1/rc after KK num-
ber assignment. This completes the schematic B-Type
procedure.
We now connect these procedures to the 4D effective
RS1 Lagrangian L(RS,eff)4D , following the arrangement of
the 5D Lagrangian described in Sec. A. Suppose we
collect all terms from the WFE RS1 Lagrangian L(RS)5D
that contain H graviton fields and R radion fields. Label
this collection L(RS)
hHrR
. In general, we can subdivide those
terms into two sets based on their derivative content, i.e.
whether they are A-Type or B-Type.
L(RS)
hHrR
= L(RS)
A:hHrR
+ L(RS)
B:hHrR
. (C11)
We may go a step further by using our existing knowledge
to preemptively extract powers of the expansion param-
eter κ and any exponential coefficients:
L(RS)
hHrR
= κ(H+R−2)
[
e−Rpikrcε2(R−1) LA:hHrR
+ e−Rpikrcε2(R−2) LB:hHrR
]
. (C12)
Finally, we can apply the schematic procedures described
above to obtain a succinct expression for the effective
Lagrangian with H graviton fields and R radion fields:
L(RS,eff)
hHrR
=
[
κ√
pirc
](H+R−2) +∞∑
~n=~0
{
a(R|~n) · X(~n)
[ LA:hHrR]
+ b(R|~n) · X(~n)
[ LB:hHrR]} . (C13)
Computationally, a key feature of this Lagrangian is
how the dependence on the physical variables arrange
themselves. Consider the set {MPl, krc,m1}. The pa-
rameter krc determines the wavefunctions {ψn} and
spectrum {µn} ≡ {mnrc}, and thus {a(R|~n), b(R|~n)} as
well. Additionally fixing the value of m1 determines
rc = µ1/m1 and k = (krc)m1/µ1. Finally, fixing MPl
determines κ/
√
pirc = κ4D/ψ0 = 2/(MPlψ0). Therefore,
referring back to the specific form of Eq. (C13), once krc
is fixed, changing m1 only affects the relative importance
of A-Type vs. B-Type terms via factors of rc introduced
by X(~n)[•] and changing MPl only affects the interaction’s
overall strength via [κ/
√
pirc]
(H+R−2). Alternatively, by
fixing κ and rc instead, the couplings {a(R|~n), b(R|~n)} en-
capsulate the effect of varying k.
For the specific case of massive spin-2 scattering, we
reduce the generality of the preceding notation somewhat
by defining
a~n ≡ a(0|~n) b~n ≡ b(0|~n) bn1n2r ≡ b(1|n1n2) (C14)
and noting an analogous A-Type radion coupling does
not occur in the RS1 model.
2. Summary of Results
Appendix A summarized all terms in the WFE RS1
Lagrangian L(RS)5D that contain four or fewer fields. In
particular, it has listed explicit expressions for all rele-
vant LA and LB . Application of (C13) to all of these
combinations yields a WFE 4D effective Lagrangian of
the following form:
L(RS,eff)4D =L(eff)hh + L(eff)rr + L(eff)hhh + · · ·+ L(eff)rrr
+ L(eff)hhhh + · · ·+ L(eff)rrrr +O(κ3) . (C15)
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Explicitly, we find
L(eff)hh =
+∞∑
n=0
[
−hˆ(n)µν (∂µ∂ν hˆ(n)) + hˆ(n)µν (∂µ∂ρhˆ(n)ρν)
−1
2
hˆ(n)µν (hˆ(n)µν) +
1
2
hˆ(n)(hˆ(n))
]
(C16)
+m2n
[
−1
2
Jhˆ(n)hˆ(n)K + 1
2
Jhˆ(n)KJhˆ(n)K] ,
L(eff)rr =
1
2
(∂µrˆ
(0))(∂µrˆ(0)) , (C17)
L(eff)hhh =
κ√
pirc
+∞∑
l,m,n=0
{
a(0|lmn) · X(lmn)
[LA:hhh] (C18)
+ b(0|lmn) · X(lmn)
[LB:hhh]} , (C19)
L(eff)hhr =
κ√
pirc
+∞∑
m,n=0
{
b(1|mn) · X(mn)
[LB:hhr]} ,
(C20)
L(eff)hrr =
κ√
pirc
+∞∑
n=0
{
a(2|n) · X(n)
[LA:hrr]} , (C21)
L(eff)rrr =
κ√
pirc
{
a(3) · X
[LA:rrr]} , (C22)
L(eff)hhhh =
[
κ√
pirc
]2 +∞∑
k,l,m,n=0
{
a(klmn) · X(klmn)
[LA:hhhh]
+ b(klmn) · X(klmn)
[LB:hhhh]} , (C23)
L(eff)hhhr =
[
κ√
pirc
]2 +∞∑
l,m,n=0
{
b(1|lmn) · X(lmn)
[LB:hhhr]} ,
(C24)
L(eff)hhrr =
[
κ√
pirc
]2 +∞∑
m,n=0
{
a(2|mn) · X(mn)
[LA:hhrr]
+ b(2|mn) · X(mn)
[LB:hhrr]} , (C25)
L(eff)hrrr =
[
κ√
pirc
]2 +∞∑
n=0
{
a(3|n) · X(n)
[LA:hrrr]} , (C26)
L(eff)rrrr =
[
κ√
pirc
]2{
a(4) · X
[LA:rrrr]} . (C27)
The quantity a(R|~n) is defined in Eq. (C4); b(R|~n) is shown
in Eq. (C8), and the KK decomposition operator X is
introduced below Eq. (C5).
Appendix D: Elastic Sum Rules
This appendix provides a new analytic proof for a re-
lation arising from the s3 and s2 sum rules. Specifically,
we prove Eq. (100) from the main text. Combining that
equation with a proof of either the O(s3) or O(s2) sum
rule automatically implies a proof of the other sum rule.
In the main text, we calculated
∑
j a
2
nnj and then∑
j µ
2
ja
2
nnj , and thereby proved the O(s5) and O(s4) sum
rules respectively. Consider the next sum in that se-
quence:
∑
j µ
4
ja
2
nnj . Two results are possible depending
on how many factors of µ2j are absorbed into A-Type cou-
plings (via the sequence of relations µ2jannj = 2bjnn =
2(µ2nannj − bnnj)). If only one factor of µ2j is absorbed
into an A-Type coupling, the sum equals∑
j
µ4ja
2
nnj = 2
∑
j
µ2j
[
µ2nannj − bnnj
]
annj
=
8
3
µ4nannnn − 2
∑
j
µ2jbnnjannj . (D1)
If instead both factors of µ2j are absorbed, the sum equals∑
j
µ4ja
2
nnj = 4
∑
j
[
µ4na
2
nnj − 2µ2nbnnjannj + b2nnj
]
=
4
3
µ4nannnn + 4
∑
j
b2nnj . (D2)
Because these results must be equal, together these imply∑
j
µ2jbnnjannj =
2
3
µ4nannnn − 2
∑
j
b2nnj . (D3)
Continuing along in the sequence, the next sum to con-
sider is
∑
j µ
6
ja
2
nnj . If as many factors of µ
2
j are absorbed
into A-Type couplings as possible, we find∑
j
µ6ja
2
nnj = 4
∑
j
µ2j
[
µ4na
2
nnj − 2µ2nbnnjannj + b2nnj
]
=
16
3
µ6nannnn − 8µ2n
∑
j
µ2jbnnjannj + 4
∑
j
µ2jb
2
nnj
= 4
∑
j
[
µ2j + 4µ
2
n
]
b2nnj , (D4)
where Eq. (D3) was utilized.
To ultimately obtain our desired result, we require ad-
ditional details about the nature of the exponential ε.
Namely, because
∂ϕ|ϕ| = sign(ϕ) , (D5)
∂2ϕ|ϕ| = 2
[
δ(ϕ)− δ(ϕ− pi)] , (D6)
the exponential ε satisfies
(∂ϕε)
2 = (krc)
2ε2 , (D7)
∂2ϕε = (krc)
2ε+ 2(krc)
[
δ(ϕ)− δ(ϕ− pi)]ε . (D8)
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Furthermore, because (∂ϕψn) = 0 for ϕ ∈ {0, pi},
(∂2ϕε)ε(∂ϕψn) = (∂ϕε)
2(∂ϕψn) = (krc)
2ε2(∂ϕψn) .
(D9)
This will allow us to simplify µ2jbnnj in Eq. (D4) and
thereby derive Eq. (100).
Define the commonly occurring combination D ≡
ε−4∂ϕ for convenience. Because
D [ε+6(Dψn)2] = 6(∂ϕε)ε(Dψn)2 − 2µ2n(Dψn)ψn ,
(D10)
it is the case that
∂ϕD
[
ε+6(Dψn)2
]
=12(krc)
2ε2(Dψn)2 (D11)
− 12µ2n(∂ϕε)ε−1(Dψn)ψn
+ 2µ4nε
−2ψ2n − 2µ2nε4(Dψn)2 ,
where Eq. (D9) was used to eliminate factors of (∂2ϕε)
and (∂ϕε)
2. Thus,
µ2jbnnj =−
1
pi
∫
dϕ ε6(Dψn)2
[−µ2jε−2ψj]
=− 1
pi
∫
dϕ ε6(Dψn)2 [∂ϕDϕψj ]
=− 1
pi
∫
dϕ ψj ∂ϕD
[
ε+6(Dψn)2
]
=− 12
pi
(krc)
2
∫
dϕ ε2(Dψn)2ψj
+
12
pi
µ2n
∫
dϕ (∂ϕε)ε
−1(Dψn)ψn
− 2µ4nannj + 2µ2nbnnj , (D12)
such that∑
j
µ2jb
2
nnj =−
12
pi
(krc)
2
∫
dϕ ε8(Dψn)4
+
12
pi
µ2n
∫
dϕ (∂ϕε)ε
5(Dψn)3ψn
− 2µ4nbnnnn + 2µ2n
∑
j
b2nnj . (D13)
The second term can be rewritten in terms of B-Type
couplings
6
pi
∫
dϕ (∂ϕε)ε
5(Dψn)3ψn = 1
pi
∫
dϕ (∂ϕε
6)(Dψn)3ψn
= − 1
pi
∫
dϕ ε6∂ϕ
[
(Dψn)3ψn
]
= 3µ2nbnnnn −
∑
j
b2nnj , (D14)
so that Eq. (D13) becomes∑
j
µ2jb
2
nnj = −
12
pi
(krc)
2
∫
dϕ ε8(Dψn)4 + 4µ4nbnnnn .
(D15)
The only noncoupling integral I that remains may also
be rewritten in terms of B-Type couplings by carefully
reorganizing terms and applying Eq. (D9):
I ≡ − 12
pi
(krc)
2
∫
dϕ ε8(Dψn)4
=− 3
2pi
∫
dϕ
[
(∂2ϕε)ε
7 + 7(∂ϕε)
2ε6
]
(Dψn)4
=− 3
2pi
∫
dϕ ∂ϕ
[
(∂ϕε)ε
7
]
(Dψn)4
=
3
2pi
∫
dϕ (∂ϕε)ε
7 ∂ϕ
[
(Dψn)4
]
=− 6
pi
µ2n
∫
dϕ (∂ϕε)ε
5 (Dψn)3ψn
=− 1
pi
µ2n
∫
dϕ (∂ϕε
6) (Dψn)3ψn
=
1
pi
µ2n
∫
dϕ ε6 ∂ϕ
[
(Dψn)3ψn
]
=− 3µ4nbnnnn + µ2n
∑
j
b2nnj . (D16)
Thus, Eq. (D15) becomes∑
j
µ2jb
2
nnj = µ
4
nbnnnn + µ
2
n
∑
j
b2nnj , (D17)
which when applied to Eq. (D4) yields∑
j
µ6ja
2
nnj = 28µ
4
nbnnnn + 12µ
2
n
∑
j
b2nnj . (D18)
Finally, we can eliminate
∑
j b
2
nnj from this expression
in favor of
∑
j µ
4
ja
2
nnj by utilizing Eq. (D2), such that
+∞∑
j=0
[
µ2j − 5µ2n
]
µ4ja
2
nnj = −
16
3
µ6nannnn . (D19)
This is the desired result.
Appendix E: Connecting to the Literature
As previously noted, following the appearance of [19],
and as [20] was being completed, the authors of [47] inde-
pendently proved that the scattering amplitudes of mas-
sive spin-2 KK modes in extra-dimensional theories grow
only like O(s) for compactifications on arbitrary Ricci-
flat manifolds (note that RS1 is not Ricci-flat). In addi-
tion, in Sec. 3.5 of that work, the authors of [47] con-
sider the on-shell tree-level elastic scattering amplitude
of an arbitrary massive spin-2 state (in four dimensions)
which is coupled to one massless graviton, a tower of
massive spin-2 states, and possible additional scalar and
vector states. They consider interaction vertices involv-
ing the most general two-derivative parity-even on-shell
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cubic vertices, and quartic contact interactions which in-
volve the contractions of polarization tensors and mo-
menta, and containing up to six derivatives. By assuming
that the elastic scattering amplitude of spin-0 modes of
the massive spin-2 state grows no faster than O(s), they
derive a set of consistency conditions (sum rules) that
must be satisfied by these couplings. In this appendix,
we present the relationships of our sum rules to those
presented in [47], demonstrating that our RS1 sum rules
in Eqs. (97), (99), (112), and (118), obey the consistency
conditions given there.
Our weak field expanded RS1 Lagrangian (as written
and prior to applying any coupling relations) matches
their parameterization (their Eqs. 3.78-82 as written)
when
a˜1 = −3 annn + 6
µ2n
bnnn , (E1)
a˜2 =
1
2 a˜3 = −annn , (E2)
b˜1 =
1
2 b˜2 = b˜3 = −ann0 , (E3)
c˜1 =
1
µ2n
√
3
2
bnnr , c˜2 = 0 , (E4)
e˜1 =
1
µ2n
[
2
(
2 bjnn + bnnj
)
−
(
2 µ2n + µ
2
j
)
annj
]
,
(E5)
e˜2 =
1
2 e˜3 = e˜4 =
1
2 e˜5 = −annj , (E6)
where µn ≡ mnrc and x˜ ≡ √pircx/κ. The minus signs
here reflect a difference of metric convention: we use the
mostly-minus convention for ηµν , whereas Ref. [47] uses
mostly-plus. To ensure gauge invariance (i.e. to not gen-
erate terms that violate 4D diffeomorphism invariance),
it must be the case that
bnn0 = µ
2
n ann0 , (E7)
and (Eq. 3.83 of [47])
2b1 = b2 =
4
MPl
, (E8)
which implies, via Eq. (E3) above,
κ√
pirc
ann0 = − 2
MPl
= −κ4D . (E9)
Diffeomorphism invariance therefore implies the relation-
ship between 4D and 5D Planck scales which is neces-
sary to ensure our graviton reproduces the 4D Einstein-
Hilbert Lagrangian at cubic order.
Next, we substitute these explicit RS1 parameters into
the sum rules of [47] (Eqs. 3.85a-c). Let j denote sum-
mation over all KK numbers and let a denote summation
over all KK numbers except 0 and n. Their first sum rule,
Eq. 3.85a, becomes
0 = a22 + 4 b
2
1 +
1
4
∑
a
[
4− 3m
2
a
m2n
]
e25,a
= a2nnn + 4 a
2
nn0 +
1
4
∑
a
[
4− 3m
2
a
m2n
]
(2 anna)
2
=
3
µ2n
∑
j
[
4
3
µ2n − µ2j
]
a2nnj
=
3
m2n
[
4
3
µ2nannnn −
∑
j
µ2ja
2
nnj
]
, (E10)
which is equivalent to our O(s4) rule, Eq. (99). Next,
their Eq. 3.85b reduces as follows:
0 = a22 + 4 b
2
1 − 24 c21 +
1
4
∑
a
[
5
m2a
m2n
− 4
]
m2a
m2n
e25,a
= a2nnn + 4 a
2
nn0 − 24
(
1
(mnrc)2
√
3
2
bnnr
)2
+
1
4
∑
a
[
5
m2a
m2n
− 4
]
m2a
m2n
(2 anna)
2
= a2nnn + 4 a
2
nn0 −
36
µ2n
b2nnr +
∑
a
[
5
µ2a
µ2n
− 4
]
µ2a
µ2n
a2nna
= − 5
µ4n
[
− 1
5
µ4na
2
nnn −
4
5
µ4na
2
nn0 +
36
5
b2nnr
−
∑
a
µ4aa
2
nna +
4
5
µ2n
∑
a
µ2aa
2
nna
]
= − 5
µ4n
[
4
5
(
9b2nnr − µ4na2nn0
)
−
∑
j
µ4ja
2
nnj
+
4
5
µ2n
∑
j
µ2ja
2
nnj
]
. (E11)
The last term may be simplified using our O(s4) rule,
such that
0 = − 5
µ4n
[
4
5
(
9b2nnr − µ4na2nn0
)
−
∑
j
µ4ja
2
nnj
+
16
15
µ4nannnn
]
= − 5
µ4n
[
16
15
µ4nannnn +
4
5
(
9b2nnr − µ4na2nn0
)
−
∑
j
µ4ja
2
nnj
]
, (E12)
which is equivalent to our O(s3) relation, Eq. (112).
Lastly, consider their Eq. 3.85c (and recall that our only
29
scalar is the massless radion):
0 =
1
4
∑
a
(
m2a
m2n
− 4
)(
m2a
m2n
− 1
)
m2a(2 anna)
2
=
1
4
∑
j
(
µ2j
µ2n
− 4
)(
µ2j
µ2n
− 1
)
µ2j (2 annj)
2
= − 1
µ4n
[∑
j
(
− µ6j + 5µ2nµ4j − 4 µ4nµ2j
)
a2nnj
]
= − 1
µ4n
[
5µ2n
(∑
j
µ4ja
2
nnj
)
− 4µ4n
(∑
j
µ2ja
2
nnj
)
−
∑
j
µ6ja
2
nnj
]
. (E13)
Using the O(s4) relation again, this becomes
0 =
1
µ4n
[∑
j
(
µ2j − 5µ2n
)
µ4ja
2
nnj +
16
3
µ6nannnn
]
,
(E14)
which implies Eq. (119) and is equivalent to our O(s2)
sum rule Eq. (118) once our O(s3) sum rule is invoked.
Appendix F: KK Mode Couplings at Large krc
In this appendix, we consider the behavior of the KK
mode couplings in the large-krc limit, to support the dis-
cussion in Sec. VI C.
1. General Considerations
At large values of krc, for nonzero n, the behavior of
the irregular Bessel functions Yν implies that the coeffi-
cients bnν in Eq. (B21) are small. The wavefunctions of
Eq. (B20) can then be approximated
ψn(ϕ) ≈ 1
Nn
e+2krc|φ|J2
[
xne
krc(|φ|−pi)
]
, (F1)
where xn is the nth root of J1 and
Nn ≈ e
pikrc
√
pikrc
J0(xn) , (F2)
corresponding to a state with mass
mn ≈ xnk e−pikrc . (F3)
In these expressions, we neglect terms suppressed by
higher powers of krc.
Adopting the expressions derived under the above ap-
proximations allows us to consider the (n, n) → (n, n)
coupling integrals analytically. Specifically, we convert ϕ
integrals∫ +pi
−pi
dϕ e−Akrc|ϕ| f(|ϕ|) = 2
∫ +pi
0
dϕ e−Akrc|ϕ| f(ϕ) ,
(F4)
to u ≡ xnekrc(ϕ−pi) integrals, noting dϕ = du/(krcu),∫ +pi
−pi
dϕ e−Akrc|ϕ| f(|ϕ|)
=
2xAn e
−Akrcpi
krc
[∫ upi
u0
du
uA+1
f (ϕ(u))
]
, (F5)
for any n. Note the limits of integration become inde-
pendent of krc in this limit:
u0 = e
−krcpixn → 0 upi = xn . (F6)
Furthermore, in terms of u the n 6= 0 wavefunction fac-
torizes into separate u and krc-dependent pieces.
ψn(u) ≈
√
pi
x2n |J0(xn)|
[
u2 J2(u)
] √
krc e
pikrc . (F7)
More generally, for generic j 6= 0,
ψj(u) ≈
√
pi
x2n |J0(xj)|
[
u2 J2
(
xj
xn
u
)] √
krc e
pikrc , (F8)
and
(∂ϕψj)(u) ≈
√
pi xj
x3n |J0(xj)|
[
u3 J1
(
xj
xn
u
)]
(krc)
3/2 epikrc .
(F9)
For the zero mode we have
ψ0 ∼
√
pikrc . (F10)
By combining all of the preceding elements, we factor krc
dependence out of the coupling in the large-krc limit.
2. The Integrals
Using these results, in the large-krc limit we find
annnn ≈ Cnnnn (krc) e2pikrc , (F11)
ann0 ≈ Cnn0
√
krc , (F12)
bnnr ≈ Cnnr (krc)5/2 e−pikrc , (F13)
annj ≈ Cnnj
√
krc e
pikrc , (F14)
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where the coefficients C are given by the krc-independent
integrals
Cnnnn ≡
[
2pi
x6n J0(xn)
4
∫ xn
0
du u5 J2(u)
4
]
, (F15)
Cnn0 ≡
[
2
√
pi
x2n J0(xn)
2
∫ xn
0
du uJ2(u)
2
]
, (F16)
Cnnr ≡
[
2
√
pi
x2n J0(xn)
2
∫ xn
0
du u3 J1(u)
2
]
, (F17)
Cnnj ≡
[
2
√
pi
x4n |J0(xj)| J0(xn)2
×
∫ xn
0
du u3 J2(u)
2 J2
(
xj
xn
u
)]
(F18)
3. Scattering Amplitudes
The following combination of couplings occurs in the
helicity-zero (n, n)→ (n, n) matrix element:
Knnnn = 1
405
{
15
∑
j
m8j
m8n
a2nnj + 28annnn
− 144
[
9 b2nnr
(mnrc)4
− a2nn0
]}
. (F19)
Based on our previous argument,
m8j
m8n
a2nnj ≈
x8j
x8n
C2nnj (krc) e
2pikrc , (F20)
annnn ≈ Cnnnn (krc) e2pikrc , (F21)
b2nnr
(mnrc)4
≈ 1
x4n
C2nnr (krc) e
2pikrc , (F22)
a2nn0 ≈ Cnn0 (krc) . (F23)
Therefore, at large krc,
Knnnn
2pikrc
=
e2pikrc
810pi x8n
{
15
+∞∑
j=1
x8j C
2
nnj + 28x
8
n Cnnnn
− 1296x4n C2nnr
}
, (F24)
as quoted in Sec. VI C.
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